m Seminar for

Applied

Eidgenodssische Technische Hochschule Ziirich .
& Mathematics

Swiss Federal Institute of Technology Zurich

Monte Carlo convergence rates for kth

moments in Banach spaces

K. Kirchner and Ch. Schwab

Research Report No. 2022-46
December 2022

Seminar fiir Angewandte Mathematik
Eidgendssische Technische Hochschule
CH-8092 Ziirich
Switzerland




MONTE CARLO CONVERGENCE RATES FOR £iTH MOMENTS
IN BANACH SPACES

KRISTIN KIRCHNER AND CHRISTOPH SCHWAB

ABsTrRACT. We formulate standard and multilevel Monte Carlo methods for
the kth moment MPF[¢] of a Banach space valued random variable £: Q — E,
interpreted as an element of the k-fold injective tensor product space ®§E. For
the standard Monte Carlo estimator of M¥[£], we prove the k-independent con-
vergence rate 1 — % in the Ly(€; ®% E)-norm, provided that (i) &€ € Ly, (< E)
and (ii) ¢ € [p, 00), where p € [1, 2] is the Rademacher type of E. We moreover
derive corresponding results for multilevel Monte Carlo methods, including a
rigorous error estimate in the Lq(Q; ®FE)-norm and the optimization of the
computational cost for a given accuracy. Whenever the type of E is p = 2, our
findings coincide with known results for Hilbert space valued random variables.
We illustrate the abstract results by three model problems: second-order
elliptic PDEs with random forcing or random coefficient, and stochastic evolu-
tion equations. In these cases, the solution processes naturally take values in
non-Hilbertian Banach spaces. Further applications, where physical modeling
constraints impose a setting in Banach spaces of type p < 2, are indicated.

1. INTRODUCTION

1.1. Background and motivation. Many applications in uncertainty quantifica-
tion require the estimation of statistical moments. The first statistical moment,
that is to say the mean, is often itself the quantity of interest, whereas higher-order
moments are needed to infer certain characteristics about the probability distribu-
tion of the underlying real- or vector-valued random variable. In the case that this
distribution is Gaussian, it is fully determined by the first two statistical moments.
Third-order and fourth-order moments, which define the skewness and kurtosis of
the probability distribution, play for instance an important role for tests if the
distribution is Gaussian, see e.g. [38, 49].

In order to estimate statistical moments one resorts to sampling strategies, i.e.,
Monte Carlo methods. It is well-known that for estimating the mean the conver-
gence rate 1/2 in the number of samples is achieved as long as the random vari-
able ¢ is square-integrable in Bochner sense with values in a Hilbert space H, i.e.,
€ € Ly(Q; H). Moreover, this result extends to statistical moments of an arbitrary
order k € N when interpreted as elements of the Hilbert tensor product space H %),
provided that the random variable exhibits sufficient integrability in Loy (€2; H).

Vector-valued random variables occur, for instance, in the context of differential
equations involving randomness. Here, numerical methods for generating samples of
approximate solutions often allow for a hierarchical multilevel structure correspond-
ing to different degrees of refinement of the discretization parameters. The idea of
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multilevel Monte Carlo (MLMC) methods is to reduce the computational cost for
achieving a given target accuracy by optimizing the number of samples used on each
level to compute the MLMC estimator. To the best of our knowledge this approach
was first formulated by Giles [22] for stochastic ordinary differential equations
(SDEs) after having previously been introduced by Heinrich [32] in the context of
numerical integration. Since then MLMC methods have been used to approximate
means of Hilbert space valued random variables for a variety of problems in uncer-
tainty quantification, including but not limited to SDEs [13, 21, 23, 25, 57], partial
differential equations (PDEs) with random coefficients [3, 10, 12, 13, 26, 27, 31, 56],
stochastic PDEs [2, 24|, and hyperbolic PDEs with random fluxes or uncertainties
in the initial data [50, 51, 52].

With regard to higher-order moments, MLMC strategies have been applied to
estimate diagonals of central statistical moments in [5, 6], and combined with sparse
tensor techniques to approximate (full) moments in [3, 51, 52]; the latter approach
has been refined and generalized by the multi-index Monte Carlo method in [30].

All of the previously mentioned references have in common that the error anal-
ysis of the (multilevel) Monte Carlo estimators proceeds in Hilbert spaces. For the
first statistical moment, it is known that estimating means of random variables
taking values in a Banach space E via the the standard Monte Carlo method does
in general not converge at the rate 1/2, even in the presence of high Bochner integra-
bility. More specifically, the rate of convergence depends on geometric properties of
the Banach space E: If E has Rademacher type p € [1,2] and the random variable
is an element of the Bochner space L4(£2; E), ¢ > 1, the standard Monte Carlo
method will, in general, converge only at the rate 1 — m, see [47, Proposi-

tion 9.11]. This behavior necessitates tailoring of MLMC methods not only to the
discretization of a particular problem, but also to the type of the Banach space.
The only two references known to the authors addressing this issue are [42], where
a scalar, degenerate conservation law with random data is discretized by a MLMC
finite difference method, and [14], where the authors perform a MLMC analysis in
Hoélder spaces for solutions to stochastic evolution equations.

Besides the aforementioned issue of type-dependent convergence rates, another
difficulty occurs when considering higher-order moments of Banach space valued
random variables: As opposed to the Hilbert space case, there is no canonical choice
for the norm on the tensor product space E® E. Two options which are widely used
in the literature are the projective and injective tensor product norms, mostly caused
by the fact that any reasonable cross norm is bounded from above, respectively from
below, by these norms, see [54, Proposition 6.1(a)]. Janson and Kaijser [37] defined
and analyzed statistical moments of order k € N (in Bochner, Dunford or Pettis
sense) as elements of projective and injective tensor product spaces. One of the
findings [37, Theorem 3.8] shows that both the projective and injective kth moment
of £: Q — E exist in Bochner sense (and coincide) whenever £ € Ly (Q; E).

Clearly, the choice of the tensor product norm will play a crucial role in the error
analysis of (multilevel) Monte Carlo estimation of higher-order statistical moments.
A simple argumentation (see Example 3.19) shows that, no matter how “good” the
(Rademacher) type of the Banach space E is, Monte Carlo methods for the second
moment will in general not converge in the projective tensor product of E.

While this work is devoted to the numerical analysis of Monte Carlo (sampling)
methods to approximate higher-order moments of vector-valued random variables,
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we remark that certain linear (or linearized) stochastic equations allow for alterna-
tive approaches to deterministically compute approximations to k-point correlations
of random solutions. In this context, we mention [11, 40, 41, 43, 46] and the refer-
ences therein. This methodology does not raise the mathematical issue of the type
of a Banach space and its impact on the convergence of numerical approximations.
In the present paper, we shall not pursue this direction further.

1.2. Contributions. We consider the injective kth moment M¥[¢] of a Banach
space valued random variable £ € Ly (Q; E) and, for the first time, formulate stan-
dard and multilevel Monte Carlo methods for this higher-order moment in the Ba-
nach space setting. We prove that the standard Monte Carlo estimator for M¥[¢]
converges in the L,(Q; ®FE)-norm at the rate 1 —% provided that (i) £ € Lyq(Q; E)
and (ii) g € [p, 00), where p € [1,2] is the Rademacher type of E, see Theorem 3.16.
Here, ®* E denotes the k-fold injective tensor product of E. Note, in particular, that
this convergence rate is independent of the order & of the statistical moment MP¥[¢].
This result readily implies error estimates and convergence rates for abstract single-
level Monte Carlo methods for M¥[¢], see Corollary 3.18.

By means of replacing Rademacher sums by Gaussian averages and exploiting a
version of Slepian’s inequality for Gaussian processes due to Fernique [18], we are
furthermore able to formulate corresponding abstract results for multilevel Monte
Carlo methods. This includes a rigorous error estimate in the L, (2; ®F E)-norm, see
Theorem 3.22, and the optimization of the computational cost for a given accuracy
(in the MLMC context also known as “a/v theorem”), see Theorem 3.23.

We apply these abstract results to several classes of problems, where the sto-
chastic solution processes naturally take values in (non-Hilbertian) Banach spaces:
second-order elliptic PDEs (a) with random forcing taking values in L, for some
general p € (1,00), or (b) with log-Gaussian diffusion coefficient and right-hand side
in L,; and (c) stochastic evolution equations, where we extend the MLMC analysis
in Holder norms, performed in [14, Section 5] for mean values of solution processes,
to their kth moments, being kth order (spatio-)temporal correlation functions.

1.3. Layout. In Section 2 we introduce the necessary notation, see Subsection 2.1,
as well as the analytical preliminaries on tensor products of a Banach space F, with
particular emphasis on the full and symmetric k-fold injective tensor product of E,
see Subsection 2.2. We close this section with the definition of the injective kth
moment of a Banach space valued random variable £ € Ly (Q; F) in Subsection 2.3.
Section 3 is dedicated to the analysis of Monte Carlo methods for the injective kth
moment. For this purpose, we first need to formulate several auxiliary results for
Rademacher and Gaussian averages in Subsection 3.1. We then perform the error
analysis for the standard (and single-level) Monte Carlo method in Subsection 3.2
and for the multilevel Monte Carlo method in Subsection 3.3. In Section 4 we
discuss several applications of our convergence results. Section 5 gives an outlook
on extensions and further applications, where due to essential restrictions in the
physical modeling a (non-Hilbertian) Banach space setting cannot be avoided.

2. PRELIMINARIES

2.1. General notation and setting. Given parameter sets &, 2, and mappings
F., Y P x2 — R, we use the notation .Z(p, q) S, 9 (p, ¢) to indicate that for each
g € 2 there exists a constant Cy € (0, 00) such that % (p, q) < Cy¥4(p, ¢) holds for
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all p € &. Whenever both relations, .Z (p,q) Sq 9(p,q) and Y(p,q) Sq F(p,q),
hold simultaneously, we write .Z (p, q) ~¢ ¥ (p, q).

For a Banach space (F,| - ||r) over R, we write Bp := {x € F : ||z||r < 1}
for its closed unit ball, and B(F) for the Borel o-algebra on (F,| - ||r), that is
the o-algebra generated by the open sets. The dual space of all continuous linear
functionals g: F — R is denoted by F’. We write g(z) or {g,z) for the duality
pairing between g € F' and = € F, and ||g||r/ := sup,¢p,. |9(x)| for the norm on F".

Throughout this article, we assume that (2, A, P) is a complete probability space
with expectation operator E, and we mark statements which hold P-almost surely
with P-a.s. For a second probability space (Q A ]P’) with expectation operator IE
(Q x Q A® .A P® ]P’) denotes the product probability space, i.e., O x  is the set
of all tuples (w,w) with w € Q, @ € Q, A® A is the product o- algebra generated
by all sets of the form A x A with A € A, A € A, and P® P is the uniquely defined
product measure satisfying (P ® IP’)(A X A) (A)IP’(A) forall Ac Aand A € A.
The expectation operator on (2 x 2, A® A,P® }P’) will be denoted by E ® E.

In addition, we let (E,|| - ||g) be a Banach space over R, the set N contains all
(strictly) positive integers and, unless otherwise stated, k¥ € N is a fixed positive
integer which indicates the order of (statistical) moments.

2.2. k-fold tensor products of Banach spaces. In this subsection we define
(full and symmetric) k-fold tensor products of the Banach space (E, || - ||g), with
the aim of obtaining a new Banach space satisfying the following:

(i) It contains the set of all kth moments (in Bochner sense) of Bochner inte-
grable random variables ¢: Q — E satisfying E[||£]|}] < oo.

(ii) The topology on this space (prescribed by its norm) allows to quantify the
convergence of Monte Carlo estimation for statistical moments of order k.

For this purpose, symmetry of moments will be particularly important.
We start by defining the (full) k-fold algebraic tensor product of E,
k ti
. times

that is the vector space consisting of all finite sums of the form

M
ij,1®"'®$j,k=z:®l‘j7m rjpnel, 1<j<M, 1<n<k,

j=1n=1
equipped with the algebraic operations rendering the tensor product linear in each
of the k components, see [19, Section 1.1]. The injective tensor norm || - || for an
element U € ®FE with representation U = ijvil Tj1 ® -+ @y is defined by

M k
Z H fn(@jn)

j=1n=1

|l = sup{

‘fhn-,kaBE'}, (2.1)

cf. [54, Section 3.1] and [37, Section 2.3.2]. Note that the value of the supremum
in (2.1) is independent of the choice of the representation of U € ®*E, since

M k M
1T fa@in)| = D (1@ @ fr), (251 ®"'®$j,k)>‘ =[{(fi® @ f),U)
j=1n=1 j=1
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For k = 1, the Hahn-Banach theorem shows that || - || = || - ||[z. We call the
completion of the k-fold algebraic tensor product space ®*E with respect to || - ||«
in (2.1) the (full) k-fold injective tensor product of E and denote it by ®FE.

In the context of moments of F-valued random variables, we will be interested
in subspaces of ®@*E and ®*F containing only their symmetric elements. To this
end, we first introduce for z; ® - -- @ z;, € QFE its symmetrization

s(r1® - Quwyg) = Z To(1) @+ Q To(k), (2.2)
g€ESk

where S is the group of permutations of the set {1,...,k}. The k-fold symmetric
algebraic tensor product of E, denoted by ®@*°E, is then defined as the linear span
of {s(r1® - @xp) :71,...,7% € B} in @E ie.,

M
QM = {Z s(Tj1 @ @ zjp)

j=1

MeN,xj,neE,lgng,lgngk}

M

:{ZAj@@kxj MEN, \; €R, z; € E, 1<j<M}
j=1
M

— {Zaj®kxj MEeN, §; € &Kk), v, € E, 1§j§M},
Jj=1

see [19, Section 1.5] or [20, Section 1.1]. Here, we set

{-1,1} if k is even,

b=z @ VeeE, and &(k):=
Gwi=ge e v and & (k) (1} if I is odd.

k times

The symmetric injective tensor norm || - ||, on the k-fold symmetric algebraic
tensor product space ®*°E is given by (see [19, Section 3.1])

M
101, == Sup{ > N f(y)"

j=1

ifU = Z]M:1 A\; @Fx;, where \; € R, x; € E for 1 < j < M. Note that, as for the

injective tensor norm || - ||, this definition does not depend on the choice of the

representation of U. The k-fold symmetric injective tensor product of E, denoted

by @¥*FE, is the completion of @**E with respect to the norm || - ||, in (2.3).
The symmetrization s in (2.2) extends linearly to a projection s: @*E — @F*E

and, since for U = ijvil Tj1 ® - @, € ®E we moreover have that

fe BE/}, (23)

Is(U)lle, < lIs(U)lle = ] (1) @ - o (k)
—hooes : (2.4)
1
<@ X me)@..-@xj,a(k) pe oo =l
oeSE''j=1 5

it also has a unique continuous extension to a linear projection s.: ®*FE — ®’§;5E.
Furthermore, on ®%*E the injective tensor norm | - || and the symmetric injective
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tensor norm || - ||, are equivalent, with k-dependent equivalence constants,

v

see [20, Section 2.3 and 2.7].

., YU erME. (2.5)

kk
o < W0l < U

Remark 2.1. There are several meaningful options to define norms on the k-fold
algebraic tensor product spaces ®*E and ®**E. Besides the injective tensor norm,
a common choice is the projective tensor norm || - ||, defined for U € @*E by

M K
Ul := inf{z 1 lzjnle

j=1n=1

M
MEN,UZZCE]‘71®"'®$J',/€}. (2.6)
j=1

The symmetric projective tensor norm on ®**E is given by (see [19, Section 2.2])

M
U, = inf{z Il 1

Jj=1

M
MeN,U=Y ) ®kxj}. (2.7)

Jj=1

Then, for every U € @XE, ||U||, > ||U||. and ||s(U)|

r. = max{|s(U) |, [s(U)]l~}
hold. The closures of ®* E and of ®*:* E with respect to the norms || - || and || - ||.,
respectively, yield well-defined Banach spaces, the full and symmetric k-fold projec-
tive tensor product of E, denoted by ®F E and ®7’“T;SE. As shown in Example 3.19,
the projective norm is not suitable for the error analysis of Monte Carlo methods.

2.3. Moments of Banach space valued random variables. The purpose of
this subsection is to generalize the notion of the kth moment, defined for a real-
valued random variable X: Q — R as
MFIX] :=E[X*] = | X(w)FdP(w),
Q

to Banach space valued random variables £: QQ — E. To this end, we first specify the
concept of vector-valued integration which we imply when taking expected values
of E-valued random variables.

2.3.1. Vector-valued integration. An E-valued random variable £ defined on the
probability space (€, .4, P) is a mapping £: Q@ — E which is measurable in a certain
sense. Specifically, we consider the class of Bochner measurable random variables;
these are all mappings £: Q@ — E which are (i) measurable with respect to the Borel
c-algebra B(E) on E, and (ii) almost surely separably valued, i.e., £ € Ey P-a.s.
for some separable subspace Fyg C E. A Bochner measurable random variable £
is often also called strongly measurable, emphasizing the contrast to the notion of
weak measurability, which only requires the real-valued random variable (f, ) to
be measurable for every f € E’. Note that these notions are equivalent whenever £
is almost surely separably valued (e.g., in the case of a separable Banach space E),
see [37, Theorem 2.3].

Furthermore, it turns out that £: 2 — FE is Bochner measurable if and only if
there exists a sequence of Borel measurable simple functions &,: @ — E, n € N|
such that &, — &, P-a.s. This characterization facilitates the definition of the
Bochner integral

lgwmwm=mmeﬂ

whenever ¢ is Bochner measurable and E[||¢||g] < oo.
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We close this subsection with introducing the corresponding Bochner L,-spaces.
For a real Banach space (F, || - ||r) and ¢ € [1,00), Ly($%; F) := Ly(Q, A, P; F') is the
space of all (equivalence classes of) F-valued Bochner measurable random variables
n: Q — F such that E[||n||%] < oo, with norm given by

Il = EDIED"™ = ( [ Gl ap >) "

2.3.2. Moments of order k. For an E-valued random variable &, its injective kth
moment MF[¢] is defined as the expectation (see e.g. [37, Section 3.1])

k L kel k w .
MEE) = B[] = [ ohew)dPw) = [ W o o ew) dPw), @9

k times

whenever this integral exists (in Bochner sense) in the k-fold injective tensor product
space ®* E. In what follows, we will always assume that ¢ € L,(€2; E) holds for some

€ [k,o0). This guarantees that M¥[¢] exists in Bochner sense: Firstly, Bochner
measurability of ¢ implies that also ®@*¢: Q — ®’;E is Bochner measurable since
the non-linear mapping £ > r + ®*z € ®*E is continuous and, secondly,

E[l@"¢ll:] = EfllElk] < EllENE] = 1€7, 05 < o

Of particular relevance in the present context is that the injective kth moment
is an element of the k-fold symmetric injective tensor product space ®§;5E, since

5o (ME[E]) = s: (E[@¢]) = E[s: (2"¢)] = E[®"¢] = MZ[¢].
Here, we have used continuity of the symmetrization s.: @*E — ®§;5E, see (2.2)
and (2.4), to exchange the order of s.(-) and E[-].

Remark 2.2. The assumption £ € L (€; E) does not only guarantee the existence of
the injective kth moment M¥[¢] but also that of the projective kth moment M¥[¢],
i.e., the integral in (2.8) converges in Bochner sense also in the stronger projective
tensor norm defined in (2.6), see Remark 2.1. This observation follows from the
identities ||@%¢|. = [I€]|% = ||®*¢||. showing that the above arguments may be
translated verbatim, see also [37, Theorem 3.8|.

3. MONTE CARLO ESTIMATION OF THE KTH MOMENT

This section treats the analysis of abstract standard, single-level and multilevel
Monte Carlo methods to estimate the injective kth moment M*[¢] of a Banach space
valued random variable £ € Ly (Q; F). In Subsection 3.1 we first provide necessary
definitions, including those of Rademacher and orthogaussian families as well as
the type of a Banach space. Furthermore, we formulate auxiliary results based on
comparison theorems for Rademacher and Gaussian averages. These observations
facilitate the error analysis for standard and single-level Monte Carlo estimation in
Subsection 3.2 and for the multilevel Monte Carlo method in Subsection 3.3.

3.1. Auxiliary results on Rademacher and Gaussian averages.

Definition 3.1 (Rademacher family). Let (ﬁ A, Iﬁ’) be a complete probability space
and r;: Q—{-1 ,1}, j € J €N, be a family of independent random variables such

that P(’I"j =-1)= ]P’(rj =1) =1 for all j € J. Then, the collection of random
variables (r;);es is called a Rademacher family.
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Definition 3.2 (Orthogaussian family). Let (Q,.4,P) be a complete probability
space with expectation E. Suppose that g;: Q— R, j € J C N, are independent
standard Gaussian random variables, i.e., E[gj] =0, INE[gﬂ =1 for all j € J, and
]E[gigj] = 0 for i # j. Then, the collection (g;),cs is called an orthogaussian family.

Assuming that (zj)M ; is a Rademacher or orthogaussian family and (:EJ)Nil are

vectors in the Banach space F, the E-norm of the finite random sum Z =1 %i%; is
the supremum of a real-valued (Rademacher or Gaussian) stochastic process. More
specifically, the Hahn—Banach theorem allows us to rewrite the norm as follows,

M M M
D ozmgl| = sup Y zif(z)| = sup >zt (3.1)
j=1 E fEBE/ j=1 (tl,..‘,tM)GT j=1

where T is the compact subset of RM given by T := {(f(z1), ..., f(xa)) : f € Bg'}.
The next lemma summarizes comparison theorems for Gaussian and Rademacher

averages, see [47, Corollary 3.17 & Theorem 4.12]. It will facilitate generalizing the

equality (3.1) to an upper bound for Ls-norms of random variables of the form

ZTJ ac] Zg] ch

sup
fEBE/

and sup
fe€Bg

s k‘jEN, 1<53< M.

Lemma 3.3. Let M € N, and let z := (zj)j:1 be a Rademacher or orthogaussian
family on a complete probability space ((NZ, A, E~D) Suppose that (goj)jj\il are functions
on R such that, for every 1 < j < M,

2 (0)=0 and  pi(s) @) <ls—t] VsteR.  (32)

Assume further that G: [0,00) — [0,00) is conver and increasing. Then, we have
for any bounded subset T C RM the relation
) (3.3)

M
< EG sup zit
) ( (t1,... tM)eT Z !

> zei(t))
where E denotes the expectation operator on (Q,Z, P), and C, is given by

EG sup
2 (t1,.stm)ET i=1

C. = {1 if z is a Rademacher family, (3.4)

2 if z is an orthogaussian family.

Proposition 3.4. Let M € N, x1,...,2p € E, and (zj)] 1 be a Rademacher or

orthogaussian family on a complete probability space (Q A, IP’) (with expectation E ).
In addition, assume that G: [0,00) — [0,00) is a convexr and increasing function.

(i) For integers kl, ..., kyr € N, we have the relation
M
EG| sup sz (z)%] ] < EG| 20, szkjﬂxj”g_lxj . (3.5)
fEBR j=1 j=1 E

(ii) For general e:z:ponents q1,---,qm € [1,00), the following holds:
M

sz| flz;)|% ) <EG (2@ ) . (3.6)
j=1 E

i—1
> zasllzslE
J=1 j=

Here, the constant C, € {1,2} is defined as in (3.4).

feB B/

EG ( sup
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Remark 3.5. Part (i) of Proposition 3.4 is a generalization of the observation made
by Ledoux and Talagrand in [47, Equation (4.19)]; there formulated for Rademacher
averages, G(x) := z, and k1 = ... = kjps = 2. That is, we generalize to higher-order
polynomials on one hand, and to Gaussian averages on the other hand.

Proof of Proposition 3.4. We will prove (i) and (ii) using Lemma 3.3. Without loss
of generality we may assume that z; # 0 for all 1 < j < M.

To derive (i), let M € Nand k; € N, z; € E\{0} forall1 < j < M. Furthermore,
for 1 < j < M, define I := [~ %, g, ||%;] z] and

- ~ 1—k;
Pili =R, Gi(s) =k Tlp Y, sel; (3.7)

The function ¢; is continuously differentiable on the interior of I; with [’ (s)| < 1.
Let P;: R — I; denote the projection P;(s) := max{—||Z;| g, min{s, ||Z,||g}} onto
the interval I;. Then, for every 1 < j < M, the function

ei: R=R, () :=¢;(Pj(s)),
satisfies the assumptions (3.2) of Lemma 3.3. Therefore, letting the bounded set
T C RM be given by T := {(f(Z1),...,f(Zn)) : f € Br'}, we may combine the
observation (3.1) with (3.3) and by also noting that T'C I; X ... x Ip; we obtain
that, for every convex and increasing function G: [0, 00) — [0, 00),

EG sup zipj(
) ( (t1,e.- fM)GT Z o
(3.8)

sz );Ea(cz E)

Finally, for z1,...,xp € E\ {0}, we choose z; := 2kj||xj||]g71xj € E\ {0} for all
1< j < M and (3.8) shows (3.5).

For (ii) we modify the above arguments by replacing k; and the interval I; in the
definition (3.7) of ¢; with ¢; and I, := [0, ||Z;|g], respectively, and the projection
Pj: R — I; with P;(s) := min{|s|, ||Z;||g}. Then, the function ¢;(s) := @;(P;(s))
satisfies the assumptions (3.2) of Lemma 3.3, since ¢;(0) = 0, |¢}(s)| < 1 for all
s € (0,|1z;]|g) and by the mean value theorem combined with the reverse triangle
inequality we thus have that

li(s) — (O] = 125 (Pi(s)) — &5 (P3(D))] < [Py(s) = Py ()] < [Is] — [¢] < |s — .

Furthermore, for every f € Bgs, we have that P;(f(z;)) = |f(z;)| and we obtain

the analogue of (3.8),
N M
> < EG(CZ sz'%j )
=1 E

The choice Z; := 2qj||xj||?§71mj, 1 <j < M, completes the proof of (3.6). O

ZZJ kIS ™ @)

j=1

EG (2 fsup

E'

<EG sup iZj
(tl,

tM)ET

1
EG| = sup
fEBE/

Zzgqj sl 1 @)l

Jj=1

The next lemma shows that we may symmetrize independent random variables
with vanishing mean, when bounding L,-norms of their sum. This result can be
found, e.g., in [47, Lemma 6.3] or [14, Lemma 5.9].
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Lemma 3.6 (Symmetrization). Let q € [1,00), M € N, (rj)jle be a Rademacher
family on a complete probability space (ﬁ,.ﬁ, @), and let ny,...,np € Lq(va;F) be
centered random variables, i.e., E[n;] = 0 for 1 < j < M, taking values in a real
Banach space (F,|| - ||r) such that n1,...,na,71, ..., 70 are independent. Then,

Z 5 77]

Definition 3.7 (Kahane-Khintchine constants) Assume that p,q € [1,00). The
(¢;p) Kahane—Khintchine constant Kg , is the smallest constant K € (0,00) such

Lq(ﬁ;F) (G F)

that for any Rademacher family (7;),en on a complete probability space (Q, A, P),
for any real Banach space (F, || - ||r), for all n € N, and every z1,...,2, € F,

n
E :zjj
Jj=1

Remark 3.8. For the case ¢ < p, Holder’s inequality shows that K, , = 1. Finiteness
of the constant K, , in the non-trivial case ¢ > p was derived by Kahane [39]; it
implies that, for Rademacher sums, all L,-norms with ¢ € [1,00) are equivalent.

(3.9)

Lo(:F) » (% F)

Remark 3.9. By invoking an argument based on the central limit theorem (see [47,
p. 103]) the Kahane-Khintchine inequality for Rademacher sums (3.9) implies a
corresponding result for Gaussian averages: For all p, q€ [1 oo) for any orthogaus-
sian family (g;);en on a complete probability space (Q A, ]P’) for any real Banach
space (F,| - ||F), for all n € N, and every 1, ...,2, € F, we have that

n
> g

J=1

j L S Kq@ (310)

Lq(ﬁ§F)

LP(EZ;F) '

Definition 3.10 (Type p constant). A real Banach space (F,| - ||F) is said to
be of (Rademacher) type p € [1,2] if there exists a constant 7 € (0,00) such that
for any Rademacher family (7;),en on a complete probability space (S~2, /T, ]f”) (with
expectation IE), for every n € N, and all vectors z1,...,z, € F,

1/p n 1/p
erxj ( ZTJ% ]) < T(Zmﬂ%) ‘ (3.11)
»(QF) j=1

In this case, the smallest constant 7 € (0, 00) in (3.11) is called the type p constant
of F and will be denoted by 7,(F).

Remark 3.11. The definition of the type of a Banach space (F,|| - ||r) is often
complemented with the notion of its cotype: F' has cotype ¢ € [2, 00] if there exists
a constant ¢ € (0, 00) such that for any Rademacher family (7;),en on a complete

probability space ((NZ, JZ, ],15)7 for every n € N, and all vectors z1,...,z, € F,

n /a n
(Z ||xj||%> <c|d_rim| if ¢ € [2,00),
= = Ly (SF)
sup llz;ll7 < c Zr]xj - if =00
1<j<n j=1 Li(F)
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Remark 3.12. Every Banach space has type 1 and cotype oo by the triangle inequal-
ity and Lévy’s inequality (see e.g. [47, Proposition 2.3]), respectively. Conversely,
by the (classical) Khintchine inequalities (see e.g. [47, Lemma 4.1]) there exist con-
stants A,, B, € (0,00) depending only on ¢ € [1, 00) such that, for any Rademacher

family (r;)jen on (Q, A, P) and any finite sequence {a;}7_; of real numbers,

n 1/2 n q 1/‘1 n 1/2
2 s 2
Aq< g aj> < <]E g ria; ]) = ~ <B, ( E aj> (3.12)
j=1 j=1 Lq(S4R) j=1

which implies that the type cannot be larger than 2 and the cotype cannot be
smaller than 2. Kwapieni [45] showed that a Banach space has type 2 and cotype 2
if and only if it is isomorphic to a Hilbert space.

n

E :rjaj

Jj=1

Example 3.13. Let (H,(-, -)g) be a real separable Hilbert space. In this case,
the Hilbert tensor product space ®1202H (see Appendix A for the definition) is again
a Hilbert space and, consequently, has type p = 2. However, none of the tensor
product spaces ®2H, ®2°H, @2H or ®2°H has a non-trivial type p > 1.

This can be seen by the following counterexample: Let (e;);en be an orthonormal
basis for H. Then, for all p € [1,00) and every n € N, we have

n /v n /p n p
(zwj@ej:;) =(z|ej®ejnf;) =<Z|ej||§§’> _
=1

j=1 j=1
Moreover, the calculations in Appendix A (see the identities (A.2) and (A.3) of
Lemma A.1) imply that for any Rademacher family (7;);en on a complete proba-
bility space (2, A,P), for all p € [1,00) and for every n € N,

n n
ZTjej@ej ZTj@j@@j
=1 =1

and the same statements hold when replacing ®2H by the symmetric projective
tensor product space ®3er and ®2H by the symmetric injective tensor product
space ®§;SH , respectively. This shows that (i) neither ®2 H nor ®3;5ng have a non-
trivial type p > 1, and (ii) neither ®?H nor ®§;SH have a non-trivial cotype ¢ < oco.
Thus, ®2H and ®2* H do not have a non-trivial type either, cf. [36, Theorem 7.1.14].

=1
Lp(§§®gH)

=n and

)

L,(Q;®2 H)

In the next subsections we will see that the type p € [1,2] of a Banach space FE
determines the rate of convergence when approximating statistical moments of E-
valued random variables by means of Monte Carlo methods and, moreover, that
this convergence rate does not depend on the order k of the moment. However, as
the above example illustrates, to derive this finding, it is not possible to argue by
transferring the type of a Banach space to its k-fold tensor product.

3.2. Standard and single-level Monte Carlo estimation. The next proposi-
tion is the key result for proving convergence of Monte Carlo methods for means,
i.e., statistical moments of order k = 1. It can be found, e.g., in [47, Proposi-
tion 9.11] for the case ¢ = p and in this generality in [14, Proposition 5.10].

Proposition 3.14. Assume that (E, || - ||g) is of Rademacher type p € [1,2]. Let
g € [p,o), M € Nand ni,...,nu € Ly(% E) be independent E-valued random



12 KRISTIN KIRCHNER AND CHRISTOPH SCHWAB

variables with vanishing mean, En;] =0 for all 1 < j < M. Then,

M M v
S, < 2K, ,7(E) (Z Injll’qu;E)) :
j=1

j=1

Corollary 3.15. Assume that (E,|| - ||g) is of Rademacher type p € [1,2] and let
n € L1( E). In addition, let ¢ € [p,oo), M € N and &1,...,&m € Ly(S E) b
independent and identically distributed E-valued random variables. Then,

1 M
HE[n} — 2
j=1 Ly

Lq(Q§E)

+ 2K, 7 (B) M~ (73 ||¢) — B[] [P,

Proof. By applying the triangle inequality on L, (Q; E') and Proposition 3.14 (noting
that £ —E[¢], 1 < j < M, are independent and centered), we find that

OB Ly

Jj=1

M

> (& —El&))

Jj=1

M 1/p
< Bl — &0 + 2K () M (zugj : E[gﬂﬂ’;m)) |
j=1

and the claim follows by the identical distribution of &1,...,&. ([l

< Bl = &lllp +

Ly(E) M

Lq(SHE)

The remainder of this subsection is devoted to generalizing the approximation
result of Monte Carlo estimation for the first statistical moment in Corollary 3.15
to (injective) statistical moments M¥[r] of an arbitrary order & € N. Example 3.13
shows that it is in general not possible to argue via the type of the tensor product
space. We therefore prove the convergence rates of Monte Carlo methods directly
by means of the auxiliary results derived in Subsection 3.1.

Theorem 3.16. Assume that (E,|| - ||g) s of Rademacher type p € [1,2]. Let
g € [p,oo), k,M € N and &1,...,6m € Liq(Q; E) be independent and identically
distributed E-valued random variables. Then,

(11
HM’“ &l ——Z@k@ <c M D)k, gm.  (3.13)

Lq(%®:,"E)

Here, we recall the constant By € (0,00) from the classical Khintchine inequalities
(3.12), as well as the Kahane—Khintchine constant K, , and type p constant 7,(E)
from Definitions 3.7 and 3.10, respectively, and set

CoL ) = 2(2kKy,7(E) + By). (3.14)

Proof. Assume that () jj\il is a Rademacher family on a complete probability space
(Q, A,P) and, for j € {1,..., M}, let &;: Q x Q — F and it Q% Q— {-1,1}
denote the mappings that satisfy §;(w,w) = §;(w) and rj(w,w) = r;(w) for all
(w,@) € Q x Q. Notice that on (2 x Q, A® A, P®P) the random variables (ri)iL,
form a Rademacher family and &,,...,&,/,71,...,7n are independent. Moreover,
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§j € Lig(Q; E) implies that MF[¢] € @F°E and ®F¢; € Ly(Q x §;®§;SE) are
well-defined. We further note that by the identical distribution of &1,..., &,
(EsE)[e'; - Mia]] = E[e*; - MEa]] = E[";] - MEg] =o0.

This shows that the independent random variables ®k£j —MF[&]: Qx Q— ®’§;SE,
1 < j < M, are centered. Therefore, we can use Lemma 3.6 on the probability
space (2 x Q, A® A, P®P) and for the Banach space ®’§;5E to deduce that

M M
<2\ (e - ME4)])
j=1

Z(®k€j - Mlg[fﬂ)

Jj=1

Lo(QxQ;0F° E) Ly(QxQ;08° E)

By the triangle inequality on L, (£ x Q; ®’§S’SE) we then obtain that

M M
> (eF¢ — M) =D (2F¢; —ME[4) _
j=1 Ly(2;0F°E) i=1 Ly(QxQ;0F°E)
M
2| > (e, — M)
jz:; i ! <16 La(Qx;05°F) (3.15)

M
2| 1"
=1

=:2(A) +2(B).

M
2> rMEE]
j=1

Lg(Qx;05,°E) Ly (Qx ;05 E)

To bound term (A) from above, we apply Fubini’s theorem and the Kahane—
Khintchine inequality (3.9) for the Banach space F := ®**E and obtain that

M 1/q
(/ ) ® fj - d]P’(w))
= q(Q5®§.;sE)
q Ya
< Kq,p< )@rE W) dP(w)) :
Lp(ﬂ;®§;sE)

Upon inserting the definition (2.3) of the symmetric injective tensor norm, we use
Proposition 3.4(i) for the convex increasing function G(t) :=t?, ¢t > 0, and the fact
that the Banach space E has type p € [1,2] with type constant 7,(E) € (0, 00), to

conclude that
k p a/p 1/q
Z rj( ) dP(w)

EEAC[E)

p1\ Y /a

§2qu,p< /| ( [Zr] )& @)1 (w) ED dP<w>>
M

a/p
< 2Ky (E ( / (Zn@ > dP<w>>

Z 1€ 11

=2kK,,mp(E

L‘?/p(Q R)
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Since ¢ > p, we can use the triangle inequality on L,,(€2;R), yielding

M 1p
(A) < 2kKq,p7p(E) (Z |£j||lziq(Q;E)) = Zqu,pr(E)Ml/pHgl”,qu(Q;E)a (3.16)
j=1

where we also used the identical distribution of &1,...,&n.
For term (B) we use the estimate

M) = [E[era]]l.. <E[lo*eal..] = E[lal] < lalk,, e

as well as the classical Khintchine inequalities (3.12) so that

M
Ty _ < Bq M1/2 < Bq Ml/pv
Lq(S3R)

j=1

and conclude that

o=

M a /q
_ = ( IMEG] D @) dE”@))
j=1 LQ(QXQ§®§;SE) Q2 j=1 €s

= ||ME 1], (/Q Zr] @)

Finally, combining (3.15), (3.16) and (3.17) shows that

1
MG ] — — ) @
ot -3

(3.17)

1/q
) < By M6 5, )

M

Z(®k§j - M[&1])

j=1
< 202kK, 7 (E) + B,) M~ (=) ||¢,||*
<2( a.pTp(E) + Bg) P H§1||qu(Q;E)a

=M1
LQ(Q5®’6€§5E)

Lo (05 E)

which along with the definition (3.14) of C Sp  completes the proof of (3.13). O

The next lemma complements Theorem 3.16 when deriving convergence rates of
single-level Monte Carlo methods for approximating injective kth moments.

Lemma 3.17. Let k € N and suppose that 0, € Li(Q; E). Then,

k) ~MEE)) < M2 ~MEE], < |y 3 [Nl s €Sl |
1=0

Proof. The first inequality of the assertion is trivial. We next note that also the
remaining relation is evident in the case k = 1, since

[ME[] — MEE]]|, = ||[Eln — €|l ; <E[lln—¢lle] = In—élluee if k=1

‘We now assume that & > 2 and observe that

@F n— @ = Z[ @ity 2k (i+1)§) _ (®in) ® (®k7i£)]
=0
k-1
(&) © (- & (" Vg)].

0

<.
I
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Therefore, we may estimate as follows,

vz ] - ME(E]]), = (B[ — e, < [||®’“77—®’“€H}

B| Sl () & (- 9 o (59| ZE[nnnEnn ellslien™-

i—0

Combined with the Holder inequality this completes the proof, since
k—1 k1) % k1) S

E[lln - ellslels™] < E[lln—elE])* E[les) ™

1 k=1

E[Inlls n — €lls] < Ellln - €l * EQlE]) T

and, whenever k > 3, we obtain for all ¢ € {1,...,k — 2}

EInllisln - €l el ] < Elmle))* Elm - 1) E@liens)

by a triple Hélder inequality with (%)_ +E7 4 (2 1)_1 =1. O

We are now ready to state the main result of this subsection: an abstract con-
vergence rate bound in Ly (; ®F:*F) for single-level Monte Carlo estimation of the
injective kth moment MF¥[n], assuming at our disposal M independent samples of
an approximation &1 € Lie(%; E) to n € Li(Q; E).

Corollary 3.18. Assume that (E,|| - ||g) is of Rademacher type p € [1,2]. Let
q € [p,o0), k,M € N and &,...,6nm € Lig(Q; E) be independent and identically
distributed E-valued random variables. Then, for every U € ®§‘;SE, we have

i,

where the constant CSL & 18 defined as in (3.14).
In particular, for all n € Li( E), we have

1 M
et - 5 e
j=1

< U -MEe)|, + et M= ODlall,

E€s

J(RESE)

k—1
SUECIACEDY (1% € 1t

Lq(Q?‘X’?‘ésE)
sL 1-1
+Cpe M = )||§1\|qu(9 E)

Proof. By the triangle inequality on L (€2; ®’§;5E) we obtain, for every U € ®’§;SE,

1 M
k
HU_M;® &

<o - Mzl
Lq(90¢."F) |

M
k k
+ HME[&] - MZ@’ & .
j=1 (R E)
and the first claim follows by applying the estimate (3.13) of Theorem 3.16. Subse-
quently, we derive the second assertion by combining this result with Lemma 3.17
which we use to bound the difference of the kth moments ||MZ[n] — M¥[¢] ||E
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We close this subsection with a counterexample which shows that the conver-
gence results for the standard and single-level Monte Carlo estimators in Theo-
rem 3.16 and Corollary 3.18 can, in general, not hold when measuring the error in
the (symmetric or full) projective tensor norm. More specifically, we discuss this for
second-order moments of Hilbert space valued random variables, i.e., the random
variables take values in a Banach space of type p = 2.

Example 3.19. Let (H, (-, -)u) be a real separable Hilbert space, and let (e;) en
be an orthonormal basis for H. For n € N, consider the H-valued random variable
&n: Q@ — H on (92, A,P), whose (discrete uniform) distribution is defined by

Vie{l,....n}: PHweQ:&(w)=¢})=n""

Then, for all n € N, both the projective and injective second moments of &, exist,

M3 [6n] = MZ[] = E[6, ® &) = Za@ez, IMZ (g, = M2, =1,

i=1

see (A.2) in Lemma A.1 of Appendix A for the norm identities. In addition, for all
q € [1,00) and every n € N, we have that

160115, 02y = E[lI€nll%] = Z leill %

We let g € [1,00), &n1, - - - ,fn v be M eN 1ndependent copies of &, and estimate

1 Y a
errfly = HMi[fn] MZ@ & -E HMi[fn] - MZ@@Q{W 1

Lo (@2 H)
n n 1 n M q
=2 Y e me) -5 Y (e, @)
1=1 vy = 1 =1 j=1 ™
1)1 M e
> Z Tl nZ((zz@el —MZ eyj®euj)

1<vi,...,vm<n =1

pairwise distinct

Thus, assuming that n > M, again by (A.2) in Lemma A.1 we obtain that
egy> > MGG =)+ (= M)

n
1<vi,...,vm<n
pairwise distinct

= 20(1 = M) M (p — M4 1)) > 20(1 — M),
Given ¢ € [1,00) and M € N, we choose an integer n, = ny(q, M) € N such that
n, > M(l _ 27Q/(q+M))*1 — (1 _ M)‘HM

This proves that, for all ¢ € [1,00) and every M € N, there exists n, = n,(¢, M) € N
such that

M

HMfr [€n.]— M Z ®2€m,j
j=1

Since [|§n, ||z, () = 1 s also true for all ¢ € [1,00) and since H has type p = 2, this

shows that an analogue of (3.13) cannot hold with respect to the (full or symmetric)
projective tensor norm.

>271,

> 1.

L,(®2H)

HM2 [n.]— Z ®%¢n, 5

Lq(Q5®3r§H)
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3.3. Multilevel Monte Carlo estimation. Assuming that (X,)Z, is a family
of E-valued random variables corresponding to L € N different refinement levels
of underlying discretization parameters, translating the idea of multilevel Monte
Carlo (MLMC) estimation, as formulated e.g. in [12, p. 5] for means of Hilbert
space valued random variables, to higher-order moments of Banach space valued
random variables results in exploiting the telescopic sum (here: Xy :=0 € F)

L
E[@*Xp] = ME[XL] = (MF[X/] - ME[X,_1]) ZE [@F X, — ®*X,_4],
=1

and estimating E[®*X, — ®* X, 4] for each 1 < ¢ < L via Monte Carlo sampling
instead of E[®" X1 ]. As we will see in Theorem 3.23 and Remark 3.25, this approach
considerably reduces the computational cost.

Evidently, the corresponding error analysis requires a Monte Carlo convergence
result for estimating differences of injective kth moments, i.e., for expected values
of the form E[®*n — ®*¢] = MF[y] — M¥[¢] via standard Monte Carlo methods.
This auxiliary result is derived in Proposition 3.21 by means of the next lemma,
Lemma 3.20, which acts as the analogue of the Rademacher type estimate (3.11)
for Rademacher sums of differences ®k:1cj — ®kyj, 1<ji< M.

Lemma 3.20. Let (rj)jM:l be a Rademacher family on a complete probability space

(Q, A, P) with expectation E. Assume that (E, | -||) has Rademacher type p € [1,2],
and let q € [p,0), k,M € N and z1,...,xp,91,-..,ym € E. Then,

M BN [ v
i 7 k—i
Sonete-aty)| <em > () [Z Iy = w512 15
j=1 Lg(08°E) i=1 j=1
(3.18)
Here, (f) = l,(kk' ol is the binomial coefficient and the constant Cd'ffk is given by
Co = 16kv/TK 7y (E) Kq 2, (3.19)

with the Kahane—Khintchine and type p constants from Definitions 3.7 and 3.10.

Proof. For the proof of (3.18), we assume that (gj)jM:l, (ﬁj)jM:l are two independent
orthogaussian families on (€2, A, P). We first note that by [47, Lemma 4.5 and (4.8)],

applied for the convex function ¢ — t? and the Banach space ®’;_;SE, and by the
definition (2.3) of the symmetric injective tensor norm we have that

M
Z ri(@Fz; — @y;) ‘(®kxj - @"y;)
j=1

L (§-®§’SE) B Lo(05:° B)

:\f sup E 9 (f — fy)¥)

feBel; Ly(:R) (3.20)
=\[ sup E 9;2 () =) fy)h !

feferli=r = Ly(§38)

Zgj f(y]) B

sup
feBE’

> 5()

Lq(%R)



18 KRISTIN KIRCHNER AND CHRISTOPH SCHWAB

Here, we also used the binomial expansion for f(z;)* = [f(z; — y;) + f(y;)]* and
the triangle inequality on L, (€; R). We now claim that, for every i € {1,...,k—1},

sup Zgy flyy)t
1eBp 1 Ly(85R) 591
o | | (3.21)
<2V2|| sup (g5f (s — y) sl + Gilley — il fu)F )
fe€Brljm1 Ly (S4R)

To establish (3.21), we set 0; := x; —y; € E for all 1 < j < M, and consider for
afixed i € {1,...,k — 1} the following two real-valued centered Gaussian processes

Gi1,Gi2: B x Q — R, which are indexed by f € Bg,

M
Gin(f) = Zgjf(5j)’f(yj)k_’7 (3:22)
Gia(f) =2 Z 95F 65 w5115 " + G118 11 f (ws)" ). (3.23)
Foralli € {1,...,k—1} and every f, h € Bg/, we then obtain by independence of the
standard Gaussian random variables g1,..., 9, J1,-- -, gy the following estimate,
~ M .
E[|Gi1(f) — Gial( Z ~F— h(5;) h(y;)" Z)
j=1
M . . .
=> (Ir ()] ()" + h(8) [f ()"~ = h(y)*T])?
j=1
<2 Z( R8T )20 + R [F ) = b))

= 2Z<[f(5j)i — B8l N+ 01851 [f ()~ h(yj)kfi]2>

=E[|Gia(f) ~ Gia(W)].

Furthermore, for every i € {1,...,k — 1}, we have

Gia(f Zgg f(y;), fe€ Bg.

Here, (t1,ts) — W;(t1,ty) := ti ti" is continuous on R? and satisfies W;(0,0) = 0
forallie {1,...,k—1}.

We thus may apply the comparison result derived in Lemma B.2 (see Appen-
dix B) for every i € {1,...,k — 1}, which shows that, for all ¢ € [1, 00),

E {(supfeBE, |gi,1(f)|)q:| < 21K {(SqueBE, |gi,2(f)‘)q} :

Taking the gth root on both sides of this inequality and inserting the definitions of
Gi1 and G, o from (3.22)—(3.23) completes the proof of (3.21).
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Next, combining (3.20) with (3.21) and the triangle inequality on Lq(ﬁ; R) yields

M k—1
ZTj(@k!L‘j —®kyj> I < ch,i SuP Zgj HyJ”
=1 Lo(®SE) =1 J€Bp 1} Lo(C4R)
— k=1
1/— sup Zg] —I—ch sup Z%H‘Sj”%f(yj)k_ .
feBg LQ(Q;R) i=1 B lj=1 Lq(§§R)

where we set Cy ; := Qf( ). By noting that \/7/v2 < Ch.x and estimating the
(Q R)-norms on the right-hand 81de foralli € {1,...,k} using Proposition 3.4(i),

with k; = ¢ and the vectors ||yJ||E J; (respectlvely, for every i € {1,...,k — 1}
with k; =k — ¢ and H5j||E "y;) for all 1 < j < M, we find that

M
ZT‘J‘ (@k(Ej — ®kyj) < ch PyY)
j=1

Zgj |9, ||}2 1||yJHIJ€~J 2§J

Lq(§?®§;SE) i=1 Lq(ﬁ;E)
k—1
-~ k—
+ch,i — 1) gillolellyi sy o
i=1 Lq(Q§E)

Finally, since ¢ € [p, 00) is assumed, we may use Proposition 3.14 for the indepen-
dent, centered E-valued random variables

nj = gjll0 W5 lyslE'6; vesp. i = gi 1185 | llys Iy 1<j<M,

to conclude that (recall the definitions Cy ; = 2y/7 (%) and §; = z; — y;)
M

> ri(@ ;- @ty;)

Yjs

Lo(20¢."E)

j=1
k /p
S Z k\f( >2Kq pTo(E) l91lly 2 (R) ZH% yill % Hy]”E ;
which completes the proof of (3.18), since ||91||Lq(ﬁ;R) < Kq72||91||L2(§;1R) = Kgo
follows from (3.10), and Cq‘fi;fk = 16k/7 Ky 7 (E) K42 by (3.19). O

Proposition 3.21. Assume that (E,|| - ||g) is of Rademacher type p € [1,2]. Let
q € [p,o0), k,M € N and n1,....,0m,&1, -, 6m € Lig(Q E) be E-valued random
variables such that the tuples (n1,&1), ..., (Ma,Enm) are independent and identically
distributed. Then,

M
1
HMk m] = Mele] = 37 > (9" — 9%)
le

Ly(2:0F°E)

E

<2038 O3 S [B)ln - &l 16 1 )

i=1
k—1
—1 7 727
+ 2By M2 = &l qonm) 3| Il aum 6 1S iy |
1=0

where B, C’d'ffk € (0,00) are defined as in (3.12) and (3.19), respectively.
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Proof. We proceed similarly as in the proof of Theorem 3.16. We pick a Rademacher
family (7’]) 1, on a complete probability space (Q .A IP’) and define the following

random variables on the product probability space (€ x Q, .A®.Z, P@@): For every
je{l,..., M}, we set
n; (w,&) =15 (w)a gj (wa (:)) = Ej(w)’ T (w,&) =T (&7) V(w,fu) € x ﬁa

where we note that (rj)jl‘/il is a Rademacher family on (Q x Q, A® A,P @ P), and
that (n1,&1),--, My &07)5 71, - - -, 7ar are independent. Furthermore, the random
variables ®knj - ®k€j — MPF[n;] + MF[€] are centered for all 1 < j < M so that by

Lemma 3.6 and by the triangle inequality on L, (€ x Q; @%*E) we find that
M

> (&% n; — @F¢; — ME[m] + ME[&))

j=1

Lo(Q05°E)

M
Z(®knj - ®k£j — M [ ] + ME[&]) _
j=1 Lo(Qx08°E)

(3.24)

M
2||>_ i (@0, - &) .
j=1 Ly(QxQ0:°E)

ZTJ [51])

For term (A) we use Fubini’s theorem as well as Lemma 3.20 and find that

i - ®"¢;)

j=1

=:2(A) +2(B).
Lq(QX§§®§;SE)

Lo(Qx0F° E)

q /a
= ( ZTJ ® n;(w) = ®k§j(w)) 3 (5.®k,sE)d]P)(w)>
k :ZC 1/p q 1/<1
< g, ( Z( )[Z I (@) — & (@) 22l1E; ) & ”’} dP<w>>
7=1
k M 1/p
— g, Z()[Zm &l 1% ”P}
=1 =1 Lq(4R)

Next, we use the triangle inequality on L,(£2;R) as well as the fact that ¢ € [p, c0)
so that also on L/, (€;R) we may apply the triangle inequality and conclude

1/p
i k—1
<C;‘,;ka() e B
Layp (4R)
k L 1/p
Cdlff H e ) (k—1i)p
an > (0 ;Ilm SRS, o
i k—1
= oy <>Hllm alzels ™| o
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where the last step follows from the identical distribution of (11,&1), ..., (9, &n)-
In addition, we observe that, for every ¢ € {1,...,k — 1}, by Holder’s inequality

. . 1/q
—i)p 1q (k—i)q
i - &1l \L”(QR) (B[Ilm - &lglal )
< ((B[m - i) ELEIED) T = I - 6l I 15 rm)
which completes the bound for term (A),
k
(&) < CH S [V = &l w6l s (3:25)
=1

For term (B) we obtain by the Khintchine inequalities (3.12) and by Lemma 3.17
the following estimate,

M
B)=>r M) — ME[Ea]], < By MY2[[ME ] — ME[g]|
j=1

Lq(S%R)

. (3.26)

k—1
< By M |m ~ &I, mZ[HmHLk amllaltiah |

The claim now follows by combining (3.24) with the estimates (3.25), (3.26) for
the terms (A) and (B), upon dividing the resulting inequality by M. a

We are now ready to formulate our convergence result for abstract multilevel
Monte Carlo methods to estimate higher-order statistical moments of Banach space
valued random variables.

Theorem 3.22. Let (E,|| - ||g) be of Rademacher type p € [1,2], q € [p,0) and
k,L € N. Suppose further that, for every £ € {1,...,L}, Xy € Ly (4 E), My € N,
and &1, ..., &0, are independent copies of the ®§;SE-valued random variable

&= ®"X, —@"X)1 € Ly(®5°E),  Xo:=0€E.
Then, for every U € ®’§;SE,

L 1 M,
|\U;wzse,j

< |JU - MEXL],
Lo(Q;0F°E)

+Oq'\7/|pL Z{ ‘Xf Xe-allny,@m)
k—1
SOCEIXe = Kool ) + 1Kl ) ||Xe-1|’z;;(giE>H,
1=0

where C M) = 2(C’d'ff,€ + B,) and B, C’d'ffk € (0,00) are as in (3.12) and (3.19).

Proof. First note that, for every £ € {1,..., L} the random variables & 1,...,& n,
are identically distributed and we have that

E{;J\Zé&’j} ZEff ;Mf[Xl]—Mf[Xzfﬂ):M’;[XL].
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Thus, we find by the triangle inequality on Ly (€; ®%*E) that, for every U € @%*E,
Lo, M

NN
(=1 Jj=1

where, for £ € {1,..., L}, we define

HU M XL .. +Zerr

Lq(08;° E)

q,ab (6@) H §€ M Zfﬁ,]

For every ¢ € {1,...,L}, we let the tuples (X¢—11,X¢1),--., (Xe—1,0m,, Xe,0,) be
My independent copies of (X,_1, Xy) and observe that

Lq(Q§®?§SE)

M,
1
errg, (€0) = HMS[XZ] — ME[Xe] - 7 > (@4 Xp; — @ X 1)
Jj=1

Lo(%¢;"E)

We are thus in the position to apply Proposition 3.21 on every level £ € {1,..., L},

k
i -(1-3 k
Tl"qs,lgs(@) < Qqu,;fk M, ( )Z{(i)”Xé Xo- 1Hqu Q; E)HXZ 1||qu(Q E)]
i=1
k—1

—1 i —i—
+2B, My || Xe — Xo—i || Ly > [“X@”Lk(Q;E) ||X€—1||]zk(19;113)} ;
=0

which after recalling that p € [1,2] and ¢ > p > 1 as well as combining the two
sums completes the proof of the assertion. O

The error estimate of Theorem 3.22 facilitates optimizing the number of levels L
as well as the number of samples on each level, M, ..., My, to reduce the compu-
tational cost for achieving a target accuracy € > 0 of the MLMC estimator in the
L, (£ ®’§;SE)—norm. This optimization is subject of the following “«a8vy theorem”.

Theorem 3.23. Assume that (E,|| - ||g) is of Rademacher type p € (1,2]. Let
g€ lp,o), keN, X € L} E), (Xe)een C Lig(2; E) be a sequence of E-valued
random variables and, for every £ € N, define

&= @FX, — ®" X1 € Ly(Q 08 E), Xo:=0€E. (3.27)

For ¢ € N, let C; denote the cost (number of floating point operations) to generate
one sample of the random wvariable & in (3.27), and suppose that there exist a se-
quence (N¢)een of positive integers and constants o, 3,7, Co, Cp, Cy, Cstab € (0,00),
A € (1,00) such that Ny =~ A* for all £ € N and, moreover,

YVl eN: IMELX] — MEXA|,, < CalN; S, ()
VleN: 1Xe = Xe—1l Loy (@) < CsN; P, (8)
VleN: Ce < C,N/, ("7)
V0 eN: maX{HXHLk(Q;E), ||Xg||qu(Q;E)} < Cstab~ (stab)

For each £ € N, let (&) jen C Lq(£; ®§;5E) be a sequence of independent copies of
the @F* E-valued random variable & in (3.27).
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Then, for every e € (0,00), there exist integers L € N and My, ..., My, € N such
that the Lq-accuracy € of the multilevel Monte Carlo estimator for MF[X],

L M,
1
ertg 1 (X) = HMk X =Y qp 2kl <e ()
=1t Lg (@8, E)
can be achieved at computational costs of the order
ew e if B >,
CotM™(X) Staprama § € &+ P [loga el if Bp' =1, ©)
e e IR if By <7,

where p’ € [2,00) is such that % + :z% =1

Proof. We will show by explicit construction that, for every e € (0, 00), assumptions
(), (B), (v) and (stab) allow to choose the algorithmic steering parameters L € N
and My,..., My € N so that (¢) holds with cost (C).

By Theorem 3.22 and by assumptions («), (8), (stab) we obtain the estimate

errf M (X) < |[ME[X] - ME[XL||,, +0M%Z[ I%e = X s oim)
k—1
EIXe — Xeall cumy + Il ) X5
(i+1 4 =1L q (2 E) LIL(E) =1Ly (9 B)
=0
= ~(1-
<CN +OkaBZ|: ¢ pNﬁZ{( i+1 Cﬂ+ s‘cab)c’sktabZ 1}:|
=1

< Cu N “+C, Z[ M7 NS 3}

where C'q'\”'pL’k € (0, 00) is as in Theorem 3.22, and C, = Cy(k,p, ¢, Cp, Cstab) € (0, 00)
is defined by

C. = CMh.Ca(kClhy + 28 max{CE~, L'},

stab stab

since

>
|
—

|:((z+1)cﬁ + sital:o)c(sfgtabZ 1] < kcftabl + max{clg ! Csk;abl} Z (ifl)

< kCk 1+2kmaX{C’k 1 C’

stab sta b

s
I
<

Choose L € N as the smallest integer such that Ny % < min{C;',1} § holds and,
for every ¢ € {1,..., L}, let My € N be defined as the smallest integer satisfying

B+)p’ y=8p’

M, > CY NOP'SP N, 7 where SL_ZNP“.

Note that the magnitude of Sz, behaves asymptotically (for L large) as

1 if Bp >,
y=8p" .
Sy = ZN T S 3 L it Bp’ =1, (3.28)

—Bp!
= y=—Bp

N B <.




24 KRISTIN KIRCHNER AND CHRISTOPH SCHWAB

For this choice of L and M, ..., My, we can bound the error as follows,
Bty
errkML( ) < CoCy L +C’ Z{ CINDOSOINSIN, }

7[3

= S +N;°S; 1ZN T —§+Nga
=1
For the total cost, we first compute
B+p’

Ct(X ZCeMe<C ZN”<1+CPNO‘PSPN P )

=1 =1

L ;. L y=8p’ L

<C, Y N+ C,CYNPP ST N N = Z )+ C,CP NP 5T
=1 =1 =

By the choice of L we have AY = Ni =~ ¢~ /* and hence L =, |log 4 €|. Thus, using
(3.28) we conclude that the cost in terms of the accuracy e behaves as follows,

N} + NV er e ? if Bp' >,
CEMY(X) Sprvama) § NI+ NP LP 4L =g Qe + e [logy e+ if Bp' =,
N + NP eF e if B <,
which completes the proof of the assertion. O

Remark 3.24 (Strong convergence implies («)). Lemma 3.17 shows that under the
stability condition (stab), assumption («) is satisfied whenever there exists a con-
stant Cyy, € (0, 00) such that | X — Xl o) < Ca N, “ holds for all £ € N.

Remark 3.25 (Comparison with single-level Monte Carlo). Under the assumptions
(@), (7), (stab) the single-level Monte Carlo approach of Corollary 3.18 requires to
choose the level L and the number of samples M}, such that

[— 710( f— 7’
Ny ~e 7/ and My =< e P,

in order to achieve a target accuracy err’;;SS"(X ) =€ € (0,00). Thus, the single-level
Monte Carlo method to estimate M¥[X] causes computational cost of the order
CESL(X) ~ CLMy SNJMy ~ e a?.

Remark 3.26 (Comparison with MLMC in Hilbert spaces). In the case that E is a
Hilbert space, we have that p = p’ = 2 and the computational costs in (C) coincide
e.g. with those of [12, Theorem 1] for the two cases when Sp’ # ~. In the critical
case Bp’ = 28 =+, we obtain an additional log-factor |log 4 €|. This is due to the
fact that we do not assume independence across the levels ¢ € {1,...,L}. Note
that this independence can be exploited only if (i) E is a Hilbert space, and (ii) the
error is measured in the Lo-norm with respect to (2, A, P).

Remark 3.27 (Full injective tensor norm). On the symmetric injective tensor prod-
uct space ®**F, the full and symmetric injective tensor norms, || - || and || - ||.,,
are equivalent, see (2.5). Therefore, the results of Subsections 3.2 and 3.3 on con-
vergence of Monte Carlo methods of standard (Theorem 3.16), single-level (Corol-
lary 3.18) and multilevel type (Theorems 3.22 and 3.23) hold also with respect to

the stronger norm on L,(Q; ®*F), with the additional constant ’Z—T
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4. APPLICATIONS

In this section we illustrate the preceding, abstract theory by several examples
of stochastic equations, where the need for the presently developed modifications of
the standard Monte Carlo theory is entailed either by problem-specific constraints
on the choices of non-Hilbertian function spaces for well-posedness or by the interest
in error estimates in norms on Banach spaces (such as Holder norms).

Specifically, Subsections 4.1 and 4.2 are concerned with the kth moment MLMC
finite element convergence analysis for explicit, linear, second-order elliptic PDEs
with random forcing (in dimensions d € {2,3}) or random diffusion coefficient (for
d = 1), respectively. Here, the right-hand side is assumed to be an element of (or
taking values in) L,(D) for some p € (1,00), where D C R? denotes the spatial
domain. To obtain well-posed problems, the case p € (1,2) necessitates variational
formulations on Banach spaces, whereas for p € (2,00) such formulations may be
advantageous to derive error estimates in Holder norms via Sobolev embeddings.

In Subsection 4.3 we discuss the MLMC approximation of higher-order moments
for vector-valued stochastic processes X : [0,7] x 2 — E in tensor norms of Holder
spaces C?([0, T]; E) for problem-specific Holder exponents ¢ € [0,1). These results
are applicable to many semi-discrete or fully discrete numerical schemes for SDEs
and stochastic PDEs and we give some explicit examples.

4.1. Linear elliptic PDEs with random forcing. Let D C R? withd € {2,3} be
an open, bounded, polytopal Lipschitz domain (with closure D) and, for p € [1, o0]
and m € N, let L,(D) and W;"(D) denote the standard Lebesgue and Sobolev
spaces of real-valued functions on D. We write Wpl(D) for the closure of C'°(D)
(the space of smooth functions with compact support inside D) with respect to the
norm on W) (D), and W, (D) for the dual space of Vi/pl, (D), where zl) +5 =1

4.1.1. Deterministic model problem. We assume given deterministic, continuous dif-
fusion coefficients a;; € CY(D), a;; = aj;, 1 <i,j < d, which are uniformly positive
definite. Thus, there exist constants 0 < a < @ < oo such that, for all 2 € D,

d d
Vo, eRT D ay(@)eidy > allolEa, D ay(@)én; < allgllpel[¢llra, (4.1)
ij=1 ij=1
where || - ||gs denotes the Euclidean norm on R.

For p € (1,00) and a given source term f in L, (D) (which in the sequel shall be
generalized to be random), we consider the following variational formulation of a
homogeneous Dirichlet boundary value problem: Find

u € Wpl(D) : B(u,v) = (f,v) Yve Wpl,(D). (4.2)

Here, (-, -) denotes the W, (D) x Wpl/ (D) duality pairing, and the bilinear form B
is given by

d
B: Wpl(D) X Wpl,(D) — R, B(w,v) := /D Z aij(x)a%iw(x)%v(x) dx.

1,7=1
Evidently, Holder’s inequality implies continuity of B on Wz} (D) x Wz}’ (D). How-
ever, as opposed to the Hilbert space case p = p’ = 2, the uniform strong elliptic-
ity assumption in (4.1) is in general not sufficient to guarantee that the mapping
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WD) > u s B(u, -) € W, (D) is an isomorphism. For the case of the Laplace
operator (i.e., a;;(z) = ¢;;) and every p € (1,00), an inf-sup condition and hence
well-posedness of (4.2) have been shown in [55, Theorem 6.1], see also [8, Equa-
tion (8.6.5)]. Following the arguments used in [8, Section 8.6] this can be generalized
to diffusion coefficients (aij)f) j—1 satisfying (4.1), provided that p is sufficiently close
to 2. In what follows, we will require for an appropriate range of integrability in-
dices p € (1,00) that (4.2) has a unique solution and, moreover, that this solution
is W7 (D)-regular. This is summarized in the next assumption.

Assumption 4.1. There exists pg € (d, 00) such that, for all p € (1,pp) and every

°

f € Ly(D), the variational problem (4.2) admits a unique solution u € W (D), and
Vpe (,po) 3C, €(0,00) VfeLy(D): Jullwzp) < Cpllflle,m)-  (43)

Sufficient conditions for the W72(D)-regularity (4.3) to hold for the Laplace prob-
lem in polygons (i.e., d = 2) can, for instance, be found in [28, Theorem 4.3.2.4].

Since pg > d and d € {2, 3} are assumed, for a given ¢ € [pg, 00), we may choose
p= #dq € (1, min{d, ¢}) in (4.3) and conclude by continuity of the Sobolev embed-
ding W2 (D) € W,/ (D) and Hélder’s inequality that lullw: o) Sy lullwzoy Sp
Ifllz, ) Sy 1fllL,m)- For ¢ € (1,po) this estimate trivially holds by (4.3) so
that we obtain the following stability estimate for all p € (1, 00):

Vp e (1,00):  Nullwim) Spo) 112, m)- (4.4)

4.1.2. Finite element approrimation. For the numerical approximation, we use a
conforming finite element method (FEM) for (4.2) based on continuous, piecewise
first-order Langrangean basis functions on D: on a regular, simplicial triangulation
Ty, of D with mesh size h € (0, 00), we consider the finite-dimensional space

Sé(D,'ﬁl) = {'U c 00(5) : U|3D =0, 'U|T e P, VT € 771},

where P; denotes the space of polynomials of degree at most one. The corresponding
Galerkin discretization of (4.2) reads: Find

up € S&(D,'ﬁl) : B(uh,vh) = <f, ’Uh> Yy, € Sé(D,'ﬁl) (45)

Evidently, this finite-dimensional problem is equivalent to a linear system of equa-
tions, with matrix that is symmetric and, by (4.1), positive definite, so that there
exists a unique solution u;, € S}(D; Ty) of (4.5).

Under Assumption 4.1 and the additional condition that

¢>2 ifd=2,

4.6
¢>%2 ifd=3, (4.6)

Vi,je{l,...,d}: ai € qu(D) for some {
it is shown in [8, Theorem 8.5.3] that, for all p € (1, c0), the Galerkin projection wuy,
in (4.5) is bounded in W (D): There exists a mesh size hg € (0, 00) such that

Vh € (0,ho) : [lunllwrm) Spo) lullwro)- (4.7)

Combining (4.4) and (4.7) implies stability of both the exact solution u and its
approximation uy: For all p € (1,00), there exist a mesh width hg € (0,00) and a
constant Cgiap € (0, 00) such that

Vh e (0,ho) :  max{||ullw: (o) llunllwi o)} < Cetabll fllz, (D) (4.8)
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Moreover, by [8, Equation (8.5.4)] uj is quasi-optimal in WI}(D) for all p € (1,00):
There exist hg, Copt € (0,00) (which may depend on D and p) such that
Vh € (0, hg) : uU—u <, inf U—v .
(0,h) = | nllwim) < Copt .- | nllwz (o)
Therefore, under Assumption 4.1 and (4.6), for every quasi-uniform family of trian-
gulations (7Tp)nen, standard approximation properties of the corresponding finite
element spaces S¢(D;Tr), h € H C (0,00), show that, for all p € (0, pp),

Vh e HN(0,ho) :  lu—unllwim) Sp.oy P llullwzm) Seoy AlIflIL,m),  (49)
where we also used the assumed regularity (4.3).

4.1.3. Random forcing and MLMC-FEM. Suppose the setting of the previous sub-
sections. In particular, the coefficients (aij)ﬁjzl satisfy (4.1) and (4.6), and As-
sumption 4.1 holds for some py € (d, 00). In this subsection we fix p € (1, pg), which
determines the spatial integrability of a given random forcing. Random forcing in
(4.2) amounts to assuming that the right-hand side f is an element of L,.(Q2; L,(D))
for some suitable integrability index r € [1,00) with respect to the probability
space (2, A, P), i.e., we seek a I/Vp1 (D)-valued random variable w such that

B(u(w),v) = (f(w),v) Vo€ Wh(D), foralmost all w € Q. (4.10)

Under the above mentioned regularity requirements, see Assumption 4.1, we may
argue for almost all w € 2 to establish the existence and uniqueness of a (stochastic)
solution u € L,.(Q; W, (D)) satisfying (4.10), with

ue L WD), ullz,wzmy Seoy 1Lz, -

Multilevel finite element discretizations of (4.10) will be based on the discrete
variational problem (4.5), considered P-a.s. To this end, we denote by {7;}ren a
nested sequence of regular, simplicial triangulations 7; of D, with corresponding se-
quence of mesh sizes {hy}scn. We assume that Ty is obtained from 7y via uniform
red refinement. Then, hyy1 < hye/2 and, without loss of generality, we may assume
that hy < hg, with ho as in (4.7)-(4.9). The corresponding sequence of Galerkin
solutions up, € S§(D;7y) shall be denoted by w, (with slight abuse of notation).

In the next corollary we verify that all assumptions of the “afvy theorem”, see
Theorem 3.23, are satisfied to bound the computational costs of the MLMC-FEM
estimator for M¥[u] for a given accuracy and provide an upper bound for these costs.

Corollary 4.2. Let (4.1) and (4.6) be satisfied and suppose that Assumption 4.1
holds for some pg € (d,00). Assume thatp € (1,po), ¢ € [min{p, 2}, 00), and k € N.
For f € Liqg(2; Ly(D)), let u € Lig(8; WZ}(D)) be the solution to (4.10). Further-
more, let the FEM approzimations (us)een be constructed as described above. Then,
for E := WI}(D) and Ny := dim(S’é(D;ﬁ)) =~ h[d ~ AL, with A == 2% all conditions
of Theorem 3.23 are fulfilled,

() VLeN: |[ME[u] — M|, Spnop No 7 pe, a=d

(B) YLeN: lug— w1l W) StkpaD.r) N e, B=d

(y) WeN: Cr S NF, ie,v=k,
(stab) V¢ e N: max{|ullr,wrm), lluellL,,@wim)} < Cstab,

for some constant Csap € (0,00) depending only on p,D and || f||L,,(0:L,(D))-
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Furthermore, the Lg-accuracy erriM-(u) < e € (0,1) of the multilevel Monte

Carlo estimator for M¥[u] can be achieved at computational costs of the order
e if p > kd,
Cott (W) Seepap.g) | € Nogo e if ' = kd, (4.11)
e if P <kd,

where p' € [2,00) is such that m + % =1L

Proof. First note that we may apply the deterministic stability estimate (4.8) for
almost all w € Q, showing that, for all £ € N,

maX{HUHLk(Q;WI}(D)), ||UZ||qu(Q;WI}(D))} < éstab”f”qu(Q;Lp(D)) = Ustab-

The integrability of f € Ly, (Q; L,(D)) combined with the deterministic FEM
convergence result (4.9) implies strong convergence,

Ve N: lu—uelp,. @wim) Seo) el Fll,.@se,mo)-

Since hy ~ N, [1/ “ we conclude that the conditions () and (3) of Theorem 3.23 are
satisfied with « = 8 = d~1, where we also have used Remark 3.24 for () and the
triangle inequality for ().

Assuming a linear complexity solver (as, e.g., multigrid), the cost Cp1 for com-
puting one sample of u, in (4.5) is bounded by C;1 < C, 1N, with some constant
C.1 € (0,00) independent of £. Since the computation of the kth Kronecker prod-
uct of a vector of length N, causes computational cost of the magnitude NJ, the
total cost Cy for computing one sample of the random variable & = ®Fuy — @Fu,_;
is of the order NF, and condition (v) is satisfied with v = k.

Thus, the assumptions («), (8), () and (stab) of Theorem 3.23 are satisfied,
and the upper bound for the computational costs in (4.11) follows upon applying
Theorem 3.23, since the Banach space E = W} (D) has type min{p, 2}. O

Remark 4.3. In the Hilbert space case, it is in general not optimal to obtain a con-
vergence rate bound for (o) by combining strong convergence with stability (stab),
as outlined in Remark 3.24. For instance, the error analysis of Galerkin approx-
imations for generalized Whittle-Matérn fields in [15, Proposition 4] reveals that
the corresponding approximations of the covariance function converge more than
twice as fast in the La(DxD)-norm as the corresponding Gaussian random field
approximations in the strong L,(£2; Lo(D))-sense. However, it is not obvious if and
how this behavior generalizes to random variables with values in Banach spaces.

4.2. Linear elliptic PDEs with log-Gaussian coefficient. We next consider a
linear, second-order elliptic PDE with mixed Dirichlet—-Neumann boundary condi-
tions and right-hand side in L,(D). As opposed to Subsection 4.1, we now assume
that the diffusion coefficient a is random. More specifically, as e.g. in [9, 10, 56],
we suppose that a is log-Gaussian, i.e., a(x) = exp(g(z)) for all z € D, P-a.s., for
some Gaussian random field g: D x Q — R. The spatial domain is assumed to be a
bounded interval D = I = (0,b) of length b € (0, 00). The restriction of the spatial
dimension to d = 1 facilitates an explicit expression of the inf-sup constant of the
bilinear form, appearing in the corresponding variational formulation, depending
on a := inf,era(z). In this setting, a is a random variable satisfying a € L,(;R)
for all ¢ € [1,00). Similarly as in [9], this, in turn, yields well-posedness of the
variational problem and strong convergence of finite element approximations.
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4.2.1. Deterministic model problem. For p € [1,00], m € N, we recall the Lebesgue
and Sobolev spaces Ly, (I) and W)"(I) from Subsection 4.1. We furthermore note
that, since d = 1, for every p € [1,00], elements v in WI}(I) coincide (upon a
modification on a subset of I of zero Lebesgue measure) with a unique function
which is continuous on I = [0, b] denoted by ve (I (7) and we define the subspace

Wp o) = ={ve W =0}.
In virtue of the Poincaré mequauhty7 on this subspace the map v +— |U|W;(1),
wlwaay = [v'|, (1) defines a norm, where v" denotes the weak derivative of v.
In addition, we write p’ € [1, oo} for the Holder conjugate of p € [1,00], and we let

W, {0}(1) be the dual space of W , {0}( ), equipped with the norm
{fv)

11l sup o ———.
w, 0}(1) )|U|W;,(I)

1
Ogé'uEW o {0 }

We assume given a finite partition P = {J;};7; of pairwise disjoint, open subin-
tervals J; of I such that J;y U...UJ,, =1 =0, b] Furthermore, we suppose that
the scalar diffusion coefficient satlsﬁes

a € WL(I;P), where WL(I;P):={acC'(I)|VJEP: al; € WL(J))},
and it is positive in the sense that there exist constants a, @ such that
Vzel: O0<a<a(r)<a<oo.

For p € (1,00) and f € L,(I) we then consider the following boundary value
problem, with mixed (Dirichlet~Neumann) boundary conditions: Find

w:l—R: —(a(z)d(z)) = f(x), ze€l, w0)=alb)u'(b)=0. (4.12)
The weak formulation of (4.12) reads: Find

uwe W' pioyL) 1 Ba(u,v) =(f,v) Yve W {0}( ), (4.13)

where the bilinear form Ba is defined by B = fo Yo' (z) dz, for all

we W} pqoy() and v € W {0y (I). For every p € (1, 00), ex1stence and uniqueness
of a solutlon u to (4.13) follow from continuity of B,,

Vw e Wi (1) Yo eWhn():  [Balw,o)l Sa@lolwynllws, oy (414)
P P

and the following inf-sup condition:

B(I. K
inf sup (w, v) 2 g (4.15)
0AwEW] (01 (1) 0veW?, . (I) |w|W§(I)|U|Wp1'(I)

o103
For the homogeneous Dirichlet boundary value problem (u(0) = u(b) = 0), a con-
structive proof for the inf-sup condition on Wpl (I) x VV]}, (I) has been given in [1,
Proof of Theorem 3.1]. We adjust the argument from [1], to derive (4.15) for the
problem (4.12) with mixed boundary conditions. To this end, let w € W;{O} (DH\{o}
be arbitrary but fixed, and define

U (T) = /1/’ sign(w’'(t)|w' ()[P~1dt, = €T=10,b]. (4.16)

0
This function satisfies v,,(0) = 0, and it is weakly differentiable with weak derivative

vl (z) = sign(w’ (z))|w' (z)[P~! for almost all z € I.
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We furthermore obtain that, for almost all z € I, [v/, (z)| = |w'(z)[P~" = |w’ (z)[?/¥',
and conclude that v, € Wpl,_ (0} (I), with

ol 1y = 10l = 127 = lwlbfy = ol

The continuity (4.14) of B, implies that B,(w,v,,) is finite, and we find that

b
Ba(w,v,) = / a(@)|w' (@)l de 2 a|wliy, ;) = alwlwmlvolwy, -

Since w € I/Vp1 (0} (I)\ {0} was arbitrary, (4.15) follows.
The inf-sup condition (4.15) (together with its symmetric counterpart which can
be shown in the same fashion) implies that, for every f € Wpf{lo}(f ), the variational

problem (4.13) admits a unique solution u € WZ} (0y({). Furthermore, the linear
data-to-solution mapping Wpf{lo}(f) Sfuc Wl {0}(1) is an isomorphism with

W'l = lulwi iy < ||f\|w-{0}(1 (4.17)

In the case that f € L,(I), this solution is more regular: Considering the dif-
ferential equation (4.12) in weak sense on J € P implies, for a € WL (I;P) and
f € Ly(I), that the second weak derivative of u| restricted to J C I exists and

—ul'}(x) = a(x) "' [f(x) + a|;(x)u'(x)] for almost all x € J.
Taking here the L, (J)-norm yields with elementary estimates that, for every J € P,
lul 7z, ) < la™ Noww Iz, +lali oo lellz, ()]
<@ (1,0 + & ol e 1l s, )] < Cof I,y

where the constant C;%¢ € (0, 00) is given by
reg . —1 1 -1 1 B ]
Cop =0 [ +a™ maxlafyllzo. o) Cpmwt,
and CL,,—>W’1

p,{0}
embedding L,(I) C Wp {0}( )-

Hence, for every f € L,(I), the unique weak solution to (4.13) satisfies
AS W (I;P)N Wl{o}( )s maX||U| Iz, < Caglfllz, ), (4.18)

= SWpsep, HfHWT%o}(I) denotes the norm of the continuous

where W2(I;P) := {v € Wy(I)|VJ € P: v|; € W2(J)} is the space of functions
in W, (I) which are piecewise in W on the partition P of I.

4.2.2. Finite element approximation. For the numerical approximation of the solu-
tionu € WI} (03 (I) to (4.13) we use a similar conforming finite element discretization
as in Subsection 4.1.2. That is, we use continuous, piecewise affine-linear functions
on a partition 7, of I with mesh size h € (0, 0),

Sé’{o}(f;’ﬁ1 ={ve CO(T) :v(0) =0, v|r € P, VT € Tn}
Evidently, S§ (,(1;T5) C Wl{o}( )N Wl, oy (I) and dim(S§ ) (13 Tn)) = #(Tn)-
For given f € L,(I), the Galerkin dlscretlzatlon of (4.13) reads: Find
un € S5 0y (I; Th) = Bal(un,vn) = (f,vn)  Von € S§ 10y (I; Th)- (4.19)
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Unique solvability of (4.19) follows from the (h-uniform) discrete inf-sup condi-

tion:

B,
inf sup (W, 0h) > a. (4.20)
07w €S} 10, (1:Th) 00, €88 o, (15T) [WlWE (D OR W, (1)

To verify (4.20), note that the proof of (4.15) carries over to the discrete case: Given
wh € s} {0y(L; Tn), one checks that the expression (4.16) yields an element v, in
Sa {03(Z; Tn), and that all steps in the proof of (4.15) may be repeated verbatim.

The discrete inf-sup condition (4.20) and the continuity (4.14) imply that (4.19)
admits a unique solution uj, € Sj 1, (I3 7n) with
lunllz, ) = lunlwiy < a” ||f||W_%O} (4.21)
which is, furthermore, quasi-optimal:

w—u §(1+@) inf w— v . 4.22
| i ¢/ vpest (o}(I;Th)| rlwi (4.22)

Therefore, for every quasi-uniform family of grids (7;,)nes on I which is such that,
for every h € H, the grid T}, is compatible with the partition P, the quasi-optimality
(4.22) and the regularity (4.18) imply the error bound

l/p
fu — wnlw ) < (1 + g) fu — Tnulwy ) = (1 + g) LZP u — Ihu|€V;(J)]
Je

/p B
< G (L4 2) 0| Wt | = ol (14 2) Cl R 00 (42)

upon choosing vy, in (4.22) as the nodal interpolant Z,u of u in S (0} (I; Tn). Here,
the constant Cy ;, € (0, 00) is independent of a, h and w.

4.2.3. Log-Gaussian random coefficient and MLMC-FEM. The a-priori stability
and discretization error bounds (4.17), (4.21) and (4.23) are explicit in the depen-
dence on the coefficient a. They allow to consider (4.12) with deterministic source
term f € L,(I) for some p € (1,00), and with random coefficient a: I x @ — R
whose logarithm g: T x Q — R is a Gaussian random field.

More specifically, we assume that the mapping 2 > w — g(-,w) is a vector-
valued random variable taking values in WL (I; P), where we note that WL (I;P),
equipped with the norm

V||lwi (1.p) := sup |v(x)| + max sup v|’;(z
llwy rip) i= sup [o(@)] +max sup ol (z)],

is a Banach space. Furthermore, ¢ is assumed to be centered Gaussian, i.e., for
any finite collection (fi,..., f,) in the dual space [WL (I;P)]’ the distribution of
({f1,9),---,{fn,g)) is multivariate Gaussian with zero mean. In other words, the
law p of g, defined for every set B in the Borel g-algebra B(WZL (I;P)) by

w(B) =P({w e Q:g(-,w) € B}),

satisfies that po f~1 is a centered Gaussian measure on R for any f € [WZ (I;P)],
see e.g. [7, Definition 2.2.1].
Under these assumptions we have, for almost all w € €2,

a('aw) = exp(g('vw))v with g(~,w) € W;O(I’P)7 (424)
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and the trajectories of a are P-a.s. continuous on the interval I. We thus may
define, for almost all w € €,

a(w) :==inf ey a(z,w) = exp(infxel g(z, w)),
a(w) :=sup,;a(z,w) = exp(supzel g(z, w)),
so that we obtain, for almost all w € ),
0 <exp(=llg(+,w)llLm) < alw) <a(w) <exp(llg(-,w)llL.(n) < oo
For stability and strong convergence of finite element approximations of the solu-
tion u to (4.13) with the log-Gaussian coefficient a = exp(g), integrability of a=%, @

and of maxyep ||a|’;|| L (s With respect to the probability space (£2,.A,PP) will be
crucial. This is summarized in the next lemma.

(4.25)

Lemma 4.4. The in (4.25) P-a.s. defined mappings w — a(w) and w — a(w) yield
random variables satisfying a=, @ € L,.(Q;R) for all v € [1,00).

In addition, the mapping @ : w — maxep ||al;(-,w)||L. () is P-a.s. well-defined
and @ € L,.(S4;R) for all r € [1,00).

Proof. Since the centered Gaussian random field g takes values in the Banach space
WL (I;P) c C°(I), P-a.s., the proof of |9, Proposition 2.3] using Fernique’s theorem
is applicable, showing that a=% @ € L,.(Q;R) for all r € [1, 00).

We now consider @’. To this end, we first note that by (4.24) a € W1 (I;P), P-a.s.,
since exp(-) is smooth and g € WL (I;P), P-a.s. Therefore, for almost all w €
and every J € P, |lal’;(-,w)|[L_ (s < oo. It follows that @ is P-a.s. well-defined and
moreover measurable, since the mapping W1 (I;P) 3 v — maxyep ||[v|}]|L. () € R
is continuous and a is a W1 (I;P)-valued random variable. To show the integrabil-
ity, we observe that, for almost all w € Q and every J € P, the weak derivative of
aly is given by a|’;(-,w) = g|;(-,w) exp(g|s(-,w)). Thus, we obtain that

maxyep |laly (-, w)llr.. s < maxsep gl (- @)l exp(lg(-. @)L m)-
We have E[maxep [lg;(-,w)[|] ;)] < oo forall g € (0,00), since the distribution
of g is Gaussian, with values in WL (I;P). For every r € [1,00), @ € L,(£;R) can
then be derived along the lines of the proof of [9, Proposition 2.3|, using Fernique’s
theorem which shows that also E [exp(q ||| (1))] < oo holds forall ¢ € (0,00). O

We now consider the model problem introduced in Subsection 4.2.1 with a log-
Gaussian coefficient a as in (4.24). That is, given a deterministic source f € L,(I)
for some p € (1,00), we seek u: I x @ — R such that, for almost all w € Q,

u(+,w) € Wp oy (1) : Ba(.wy(u(+,w),0) = (f,0) YweWh (), (4.26)

where the bilinear form is as in (4.13). The following proposition addresses well-
posedness of (4.26) and regularity of its solution in L, (£2)-sense.

Proposition 4.5. The variational problem (4.26) admits a solution that is P-a.s.
unique, and belongs to L, ($; Wl’{o}(I)) N L, (W2 (I;P)) for all r € [1,00), with

p
T ir =1
(E“U‘WI}(I)]) < ||Q |Lr(Q;R)Hf||W;{IO}(I)7 (4.27)
r Y re;
(B[ tmax lul512,0)"]) " < CoE 1Al (4.28)
where C%F = lla™ o, com) + a7 IL,, om) 1@ Lo @) Cr, s € (0,00).
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Proof. Since f € Ly(I) is deterministic and a € WL (I;P) holds P-a.s., existence of
a solution to (4.26), which is P-a.s. unique, follows by arguing via the well-posedness
in the deterministic case (see Subsection 4.2.1) for almost all w € Q. Furthermore,
for every r € [1,00), the deterministic stability bound (4.17) combined with the
integrability a=* € L, (;R), see Lemma 4.4, imply (4.27).

We now show the regularity estimate (4.28). Recalling again the random vari-
ables a,a,a from Lemma 4.4, by (4.18) we find that, for almost all w € Q:

mag [l ()|, ) < [2@) ™ +a@) 2@ @) Oy Ly [ L,

Taking the L, (2;R)-norm, and using the Minkowski and Hoélder inequalities com-
pletes the proof of (4.28), and the constant C)%¢ = > 0 is finite by Lemma 4.4. O

a,p,r
We are now ready to formulate the “a/3+” theorem for multilevel approximations
of moments of the random solution to (4.26). To this end, let {us}sen be a sequence
of Galerkin approximations u, := uy,, see (4.19), on partitions T; of I corresponding
to mesh sizes hy = O(27%). For example, Ty may be obtained by /-fold bisection of
the initial partition 77 := P. Note that then N, = dim(Sé’{O}(I; 7})) =~ h[l =~ 2L

Corollary 4.6. Let p € (1,00), ¢ € [min{p,2},00), and k € N. For f € L,(I), let
u € Liq (9 Wl por )) be the solution to (4.26). Assume further that the Galerkin
appmmmatzons (ue)een to (4.26) are constructed as described above. Then, for the
Banach space (E,|| - ||g) := (W1 oy (|- le}(I)) and with Ny = 2¢, all conditions
of Theorem 3.23 are fulfilled,

(a) VLeN: |[ME[] = MEuel|,, Sthoppan Ne's  de, a=1,
: . -1 _
(B) VLeN: |u— W—l”qu@%W;,m(I)) 5(k,b,p,q,737a7,f) N;°, ode, B=1,
(y) WLeN: Co < N}, ie., v =k,
(stab) V/€N: Jtnaux{||uHLk(Q Wi ye el o Wi } < Cstab,

for some constant Csap € (0,00) depending only on ||a~ 1||qu(Q ®) and ||f||W_% (D)
0
The Ly-accuracy err®Mt(y) < € € (0,1) of the multilevel Monte Carlo estimator

q,€s

for MF[u] can be achieved at computational costs of the order (4.11) with d = 1.

Proof. We first note that (4.27) combined with the deterministic discrete stability
estimate (4.21) and the fact that a=! € Ly,(Q;R) imply (stab):

1k 1/kq _
VIeN: max{(EUu\’ngl(,)])  (E[Juelis p)]) } <lla Mewgm w1 oy
Next, we observe strong convergence of the finite element approximations (us)een:
For all € [1,00), we obtain by exploiting the deterministic error estimate (4.23)
for almost all w € Q) that

1/, —
(Bllu — welivyn))” Swam hel|(+ 8 mas o], oo

< e (1+ [all @yl Nrnom) |max lul iz, |
Lar (R)

<he (14 @l Ly, @ lla s @) Cagor 1L, 1)

where we also used (4.28) of Proposition 4.5. Thus, the conditions («) and (3) are
satisfied with & = 8 = 1 by Remark 3.24 and the triangle inquality, respectively.
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Finally, the complexity of computing the Galerkin approximation u, in (4.19) per
one realization of the Gaussian random field g( -, w) = log(a(-,w)) (assumed given)
at discretization level ¢ € N scales linearly with N, = dim(Séy{O} (I;7¢)): Observe
that the linear system of N, equations for the N, unknowns corresponding to (4.19)
for each sample of a(-,w) is tridiagonal and symmetric, positive definite when the
standard Courant (“hat functions”) basis is adopted in (4.19). The formation of
the kth order (full, algebraic) tensor product ®*u, then entails the cost bound
Ce S C.ny for one sample of the random variable & = ®*uy — @Fu,_1. O

4.3. Approximation of stochastic processes in Holder spaces. In this sub-
section we let T' € (0, 00) be a time horizon and consider approximating higher-order
moments of vector-valued stochastic processes X : [0,T] x 2 — E by means of mul-
tilevel Monte Carlo methods. In particular, we derive explicit convergence rates for
the error of the corresponding approximation in injective tensor norms of Hdélder
spaces C°([0,T]; E). We furthermore detail the implications of this general re-
sult for the Euler—-Maruyama method for stochastic ordinary differential equations,
and give an overview of further possible applications including approximations of
stochastic partial differential equations.

In order to properly define the relevant Holder spaces, we introduce for a Banach
space (F,|| - ||r) and & € (0, 1) the mappings

|- les o)y | lesqorry: C0, TT; F) — [0, 00
on the Banach space
€0, TLF) N - lleqorsm), — Iflleqoryr = sup [If®)]r,
te[0,T]
of continuous functions from [0,T] to (F,| - ||r) via
1f(s) = f(®)llr
flos ) = sup ———————
Flos go.rim) 5,t€[0,T] s —t]°
sF#t
I fllcsqomry = sup [If(E)llF + [ fleso,mm)-
te[0,T]
We note that the norm || - ||¢s([o,7);7) renders the subspace

([0, F) = {f € CU0, T F) : [|fllosory:m) < 00} € C([0, T); F)
of F-valued, §-Holder continuous functions a Banach space. For brevity, we also
use the notation C°([0,7]; F') := C([0,T); F) to include the case § = 0.
We now consider the setting of [14, Section 5|, that is, we are given a stochastic
process X: [0,T] x @ — E with continuous sample paths satisfying the following
regularity assumption: There exists a constant 3 € (0, 1] such that

VB € [0,8) Vge[l,o0): X e CP0,T];Ly(Q; E)). (4.29)

Recall from Subsection 2.1 that (E, || - ||g) is assumed to be a real Banach space.
Additionally, we let (YV) yey be a sequence of approximations YV: [0, T]x Q — E
to the process X with continuous sample paths, which is known to converge at the
nodes of the temporal partitions

G)N = {tév,tiv, N vtg(@f\’)—l}’ #(GN) < o0, N e N,

0 =: t(])V < t{v < ... < tg(@N)_2 < t;\é](@N)_l = /T7
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in the strong sense essentially at the rate 5 € (0,1], i.e

vﬁ € [0,6) vq € [LOO) : sup ||X(t) - YN(t)HLq(QYE) S(E,q,T) |At111\£ax|,87 (430)

teeON
where AN, = max;c(o, . w(©N)—2} |tjj\g_1 —t;v|. These partitions do not necessarily
have to be equidistant or nested. We only require the following quasi-uniformity:
Dl _ d lim AN, =0 (4.31)
su 00 an im .
NE% At gm ’ N—oo ’

where At is defined as AtY,  with the maximum replaced by the minimum.
Furthermore, we assume that, for every N € N, the approximation YV is linearly

interpolated on the partition %, i.e.,

N —s) YNY ) YN (R,
YN(s) = (HltNH)_tN( i) (s t]\f: tgvﬁl)’ € [tV th,],  (4.32)
J J J

holds for all j € {0,...,#(0N) — 2}.

This general setting facilitates combining the abstract multilevel Monte Carlo re-
sults of Subsection 3.3 with [14, Corollary 2.11] and, thus, quantify the convergence
of the MLMC estimator for M*[X] based on the approximations YNt ... Y™t in
the norm on Ly (€ ®%*C°([0,T]; E)) for q € [p,00) and 6 € [0, 3), see Theorem 4.8
below. To this end, the following proposition which readily follows from [14, Corol-
lary 2.11] will be crucial.

Proposition 4.7. Let (0" ) yen C [0, T] be a sequence of partitions fulfilling (4.31).
Assume that X, YN: [0,T] x Q — E, N € N, are stochastic processes with contin-
uous sample paths, such that, for all N € N and t € [0,T], the random variables
X(t),YN®): Q — E are Bochner measurable and there ezists 3 € (0,1] such that
(4.29) and (4.30) hold. In addition, for every N € N, let YN be linearly interpolated
on the partition OV, see (4.32).

Then, we have for every q € [1,00), 6 € [0, 3), and all € € (0, 00),

N
1XIz,@crqoasen + 59 Y4, 0000218y <o

B—5—¢
IX =Y. e oty Sescan [t

Theorem 4.8. Suppose that all assumptions of Proposition 4.7 are fulfilled. In ad-
dition, let (E,| - ||g) be of Rademacher typep € [1,2], k,L € N and {Ng}eny C N be
a strictly increasing sequence of integers. Assume further that, for allf € {1,..., L},
MyeNand &1, ...,&0,0m, are independent copies of the random variable

QFY N — @by Ne-r:  — @B C([0,T); E), YN0 :=0€ C([0,T]; E).

Then, for every q € [p,o0), 6 € [0,3), and all € € (0,00), we have that

Lo M
kMLX 5) MF[X] — 4 '
( ];M;%

Lg(0:,°C%([0,T];B))

L
N(B d,6,k,p,q,T) ’ max ,8_6_6 + Z M[ ‘Atﬁgx1| 6_6'
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Proof. We fix q € [p,0), § € [0, 3), € € (0,00), and first observe that by the triangle
inequality on Lg(Q; ®F*C°([0,T]; E)),
errg-(X;0) < [[ME[X] — M2 [YNLH ®E°C([0,TE)
L M,

+ HM’; [YNe] Z Z 78

Term (A) can be bounded by comblnlng Lemma 3.17 with the stability and
convergence results of Proposition 4.7, showing that

=: (A) + (B).
La(4@5,°C3([0,T];E))

k—1
k—i—1

HX y HL;C (;C8([0,17; E))Z[“XHLk Q0 ([0,T}E HYNLHL;@(Q;C‘S([O,T];E))

S(ﬁ,&,e,k,T) |Atméx ’67676‘

To bound term (B), we may without loss of generality assume that ¢ < 5 —d and
define 3 := 6+ § € (4, ). We then exploit continuous embeddings, similarly as in
the proof of [14, Corollary 5.15]: There are constants Cq,Cs € (0,00), depending
only on 3,4, T, such that

£ leso.rm) < Call fllwso.ryiey < Callflleso.riey  VF € CP([0,T); E),

where 5 := ? € (6,8) C (0,1) and p := ﬁ € (4,00). Here, for s € (0,1) and
q € [1,00), the space W7 ((0,T); E) denotes the vector-valued fractional Sobolev
space, see e.g. [35, Definition 2.5.16]. Continuous embeddings are preserved under
(full or symmetric) injective tensor products and, thus, we also have that

||uH®’§;‘“CM[O,T];E) 5(6,5,k,T) Hu||®’;ng((o7T);E) Vu € ®§;8Wﬁ§((0aT)§E)'

In addition, we note that E := W3((0,T); E) has type min{p,p} = p: This
observation follows from the fact that both LP((0,T); E) and W}((0,T); E) have
type min{p, p} (see [36, Proposition 7.1.4]) combined with the property that

E=W;((0,T); E) = (LP((0,T); E), W, ((0,T); E)).

5,p

is the real interpolation space between LP((0,T); E) and W2 ((0,T); E) (cf. [35, The-
orem 2.5.17]) and the specification of the type of interpolation spaces [36, Proposi-
tion 7.1.3]. Thus, we may conclude with Theorem 3.22 and Proposition 4.7 that

L 1 M,
’MIS [yNep = i, D s
=1 j=1

(B) Ses.6.6,1)
Lq(%0F° E)

L
Stoma 2oy T e - YM]MMAQM1Q<JWW4MM 5]
/=1
S(8.6.kT) SUP||YN||qu OB (0.T); E))Z[ |X Y- 1||qu(ﬂ;0ﬁ<[o,T];E>>}

L (11 A= (11 _e_ =
Ssemnam 3O | A A L 30 078 g o
/=1

holds for all € € (0, 00), and the claim follows for the choice € :=

rolm
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Example 4.9 (Euler-Maruyama method for SDEs). Let (F):cjo,77 be a normal
filtration on (2, A,P) and let B: [0,7] x Q@ — R™ be an m-dimensional (F¢):c[o,7)-
Brownian motion (with continuous sample paths). For Lipschitz continuous func-
tions p: R — R? and o: R? — R¥>™, consider the (Ft)teo,m-adapted stochastic
process X : [0,T] x Q — R? with continuous sample paths that satisfies

X(t)zX(O)+/O M(X(S))d3+/0 o(X(s))dB(s), P-as.,

as well as the Euler—Maruyama approximations (Y ) yen to X, defined with respect
to equidistant partitions of size AtY, = AtN. = T/n as follows: Y™(0) := X(0),

max min

and for j € {0,...,N —1} and s € (%7%],
) . ) . ) . L1V )

YN(s) = YNR) + (5= ) (VM) + (5 =)o (V) (B(U5) —B(5))-
Then, using the notation of Theorem 4.8 with £ := R% we conclude that for every
q € [2,00), 6 € [0,1/2) and all € € (0, 00),

L

—(1_5—¢ _1 (15—
err’;:xL(X;(S) Sk N 3 ) + ZME QNz—(f )

=1

For the choice Ny := 2¢ and M, := 2E—¢ this yields the error bound

1

L

errZ:xL(X; 5) 5(6,67k,q,T) Q_L(%_‘;_e) + 227%2_4%_5_6) 5 2_L(§_5_5)_
=1

Since ®*C([0, T]; R) = C([0, T]*; R), see [54, Section 3.2, p. 50], this error estimate

holds in particular also on C([0, T]%; R).

Remark 4.10. We note that Theorem 4.8 is applicable to a variety of numerical
schemes developed for stochastic evolution problems (such as SDEs and stochastic
PDEs), for which the regularity (4.29) of the solution process is known, and strong
convergence rates are available at the nodes of the temporal partitions in L,(€; E)-
sense for any ¢ € [1,00). This list includes for instance:

(a) SDEs with coefficients that are not globally Lipschitz continuous, see e.g. [29,
Theorem 3.1], [34, Theorem 1.1] and [53, Theorem 4.5];

(b) fully discrete (in space and time) approximations for linear or semilinear
parabolic stochastic PDEs, see e.g. [44, Theorem 3.14];

(c) fully discrete approximations for non-linear stochastic PDEs, such as the
stochastic Allen—Cahn equation, see e.g. [4, Theorem 1.1].

5. CONCLUSIONS

We have analyzed the convergence of Monte Carlo sampling for higher-order
moments of Banach space valued random variables. Specifically, for every k € N, we
have derived explicit, k-independent strong convergence rates in the injective tensor
norm for approximating the kth moment M*[X] of a random variable X: Q — E,
taking values in a Banach space F, by means of

I. standard Monte Carlo sampling, involving no further numerical approxima-
tion, see Theorem 3.16;

II. the single-level Monte Carlo method, combining Monte Carlo sampling with
an approximation Xi: Q — Fj of X to generate samples in a (usually finite-
dimensional) subspace F; C E, see Corollary 3.18;
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III. the multilevel Monte Carlo method, combining Monte Carlo sampling with a
hierarchy of approximations X,: Q — Fy, £ € {1,..., L}, in (usually nested,
finite-dimensional) subspaces Ey C F, see Theorems 3.22 and 3.23.

These outcomes extend the numerical analysis of Monte Carlo based algorithms in
computational uncertainty quantification to a broad range of mathematical mod-
els beyond the classical theory in Hilbert spaces, which relies on assumed square-
integrability and bias-variance decompositions. Several examples have illustrated
the wide scope of the presently developed theory: linear, second-order elliptic PDEs
with data affording well-posedness in Wpl’ and stochastic parabolic evolution equa-
tions with almost sure path regularity in Holder spaces.

The results of Subsections 3.2 and 3.3 are essential for the error analysis of
Monte Carlo approximations of k-point correlations for every operator equation
with random input data which, due to modeling or physical constraints, does not
admit a well-posed formulation in Hilbert spaces. We indicate some further applica-
tions, where this is of relevance: In [42] Monte Carlo finite difference discretizations
for scalar, degenerate convection-diffusion equations with random initial data were
considered. In that case, the particular structure of the degeneracy in the diffusion
coefficient, imposed from physical properties of the underlying model, mandated
a mathematical formulation in Banach spaces of type p < 2. Assuming random
initial data, the corresponding Monte Carlo error analysis for mean values of the
solution therefore required a setting in Banach spaces as in Corollary 3.15. With
the abstract MLMC results of Theorems 3.22 and 3.23, the MLMC finite difference
convergence analysis for first-order moments of [42] generalizes to spatiotemporal
k-point correlations with k > 2.

Another application is related to fluid flows: For the compressible Navier—Stokes
equations with spatially periodic solutions, the (isentropic) equation of state relates
the pressure P to the fluid density ¢ via P(p) = ag”, where a > 0 and v > 1 are
physical constants. In well-posed variational formulations [48], the density o(¢, -)
and the corresponding momentum m(t, -) at time ¢ € [0, 7] take values in L. (T%)
and L 2 (']I‘d; Rd), respectively, where d € {2,3} and T? denotes the d-dimensional

torus. With random data, this entails a Banach space setting of type p = min{~, 2}
for the density and p = % € (1,2) for the momentum. The convergence of
single-level Monte Carlo finite volume approximations for higher-order moments of
o(t, -) and m(t, - ) has been discussed in the recent work [17], using the isomorphic

identification
@} Ly(T7) = L, (T*) (5.1)

(and similarly for the d components of the momentum). Here, ®§ indicates the
appropriate Chevet—Saphar tensor product space, see e.g. [54, Chapter 6]. The
present, abstract MLMC results apply directly to the setting of [17], implying cor-
responding convergence results for multilevel Monte Carlo approximations.

An interesting topic for future research is to investigate whether the Monte Carlo
convergence results, derived for injective tensor product spaces in this work, hold
also with respect to stronger cross norms. In particular, the identification of tensor
products of L,-spaces as in (5.1) raises the question if it is possible to use one
of the pth Chevet—Saphar tensor norms d, or g, (see [54, p. 135]) if the Banach
space E has type p. The Chevet—Saphar norms and the Hilbert tensor norm ws are
unified by the tensor norms {cy }1<pg<oo due to Lapresté: g, = ap1, dp = a1,p,
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and we = a9 9, see [16, Sections 12.5-12.8| and the references there. However, in
this generality, there do not seem to be symmetric versions of these tensor norms
available in the literature. A corresponding (ML)MC convergence analysis would
thus have to be based on considerably different arguments.

Furthermore, this work may be extended to sparse tensor approximations as
considered in the Hilbert space setting in [3]. Specifically, we analyzed the MLMC
approach for approximating the kth moment M¥[X] using samples of the (exact,
full) tensor product ®*X, on levels £ € {1,...,L}. The formation of this k-fold
tensor product ®*X, on level ¢ typically entails costs in work and memory of the
order C; < N, with v = max{~1, k}, assuming that ~; is the exponent in the asymp-
totic cost bound for computing one sample of Xy, and that one computed sample
of X, requires storage of order Ny. As it is well-known in the Hilbert space case,
various consistent sparse tensor product approximations allow to reduce this com-
plexity considerably. For example, for the applications discussed in Subsections 4.1
and 4.2, the sparse tensor product approach for the MLMC approximation of kth
moments proposed in [3] for Hilbert spaces can be leveraged to reduce the parame-
ter v in Theorem 3.23 from max{vi, k} to 1 + d for some (arbitrarily small) § > 0.
Yet, in this setting the error analysis of Theorem 3.22 and, consequently, also of
Theorem 3.23 does not readily apply.

Beyond the MLMC estimation of kth moments M¥[¢] = E[®%¢], one may con-
sider anisotropic k-fold correlations of the form E[§; ® - - ® &]. Here, the vector-
valued random variables &1, . . ., £ entering the anisotropic, injective tensor product
formation may take values in Banach spaces Ey, ..., Fj of (possibly different) types
P1,-- .,k € [1,2]. This rather general setting has numerous applications, and can
be analyzed with the techniques in the present paper, in conjunction with the
multi-index Monte Carlo approach from [30]. Details shall be reported elsewhere.

APPENDIX A. TENSOR NORMS OF SYMMETRIC ELEMENTS OF HILBERT SPACES

In this section we consider a real separable Hilbert space (H, (-, -)g) and ex-
plicitly compute the projective and injective tensor norms of Subsection 2.2 for
symmetric elements in ®*°H of the form 7| \je; @ e;, where ey,...,e, are
orthonormal in H, and A1,...,\, € R.

For this purpose, we need the notion of the k-fold Hilbert tensor product space
@k H, which is defined as the closure of the (full) k-fold algebraic tensor product
space @FH with respect to the norm which is induced by the inner product

n k n k n
(Y Quv) =3
wo — 4

n
j=1lv=1 i=1v'=1 j=1i=

k
H(xj,uayi,u)H~ (A1)

1v=1

In particular, the tensor product space (®% H, (-, -)u,) is again a Hilbert space.

Lemma A.1. Assume that (H, (-, -)u) is a real separable Hilbert space and (e;)jen
is an orthonormal basis for H. Let the injective and projective tensor norms, || - ||
and || - ||x, be defined on @*H as in (2.1) and (2.6), and let the symmetric injective
and projective tensor norms, || - ||lo, and || - ||x., be defined on ®*°H as in (2.3)
and (2.7), respectively. Let n € N and A1,..., A\, € R. Then,

Z)\jéj@@j Z)\jGj@@j
7j=1 j=1

n

=3 Al (A.2)

Ts j=1

s
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®e] ®€]

= max |\j]. (A.3)

1<]<T7,

Proof. We set u, := Y7 ; Aje; @ ¢ € @*H. Then, by the definitions of the
projective norms in (2.6) and (2.7), see Remark 2.1, it follows that

n n
o <Y INHle N =D Il
j=1 j=1

Furthermore, for any representation u,, = 2?21 x; ®y; € @2H of u,, we find that

Zl/\ |_Z| Un, € & € w2|—z (in®yia ej®€j>
wa

JjEN JEN i=1

[unlle < [lun|

)

where (-, - )y, is the inner product on the Hilbert tensor product space ®2, H, de-
fined as in (A.1) for k = 2. Thus, by the triangle and Cauchy—Schwarz inequalities,

Z'A‘<ZZ‘ i ®Yi, €5 Qe w2|_ZZ| xz7ej HHyzaej ‘

i=1 jEN i=1 jEN
1/2 1/2 o
. z(z ) (z@i,ej)z) _ S sl ol
jeN jeN i1

By taking the infimum over all representations of u,, € ®>H we obtain the reverse

inequality [unll= > 327, |A;| and, since also |[un [z, > [[un|/~, this proves (A.2).
To show (A.3), let j, € {1,...,n} be an index such that |\;, | = maxi<;<ar |/,

and recall the definitions of the injective norms from (2.1) and (2.3). Then, we find

Z)\ (f,e;) ‘

Jj=1

unlle > llunlle, = SUP
H/

V| =l = Il

The reverse estimates follow again by the Cauchnychwarz inequality combined
with the Riesz representation theorem,

Z)‘j<f1?€j><f2aej>

j=1

< || sup Z| frenl{fz,e5)]

1,J2€5 g/ j=1

[unlle = sup
1,J2€5 g/

- <
s s, 3105 s < s,

Thus, [|un ||, < ||tunlle < maxi<j<n|A;| completing the proof of (A.3). O

APPENDIX B. A CONSEQUENCE OF SLEPIAN’S INEQUALITY

In this section we restate the version of Slepian’s inequality for finite-dimensional
Gaussian processes as formulated by Fernique [18]. We subsequently use it to derive
a comparison result for real-valued Gaussian processes indexed by the closed unit
ball B of the dual of a real Banach space F, see Lemma B.2. This result is needed
in Subsection 3.3 to prove convergence of multilevel Monte Carlo methods.

The following theorem is taken from [18, Theorem 2.1.2]. We note that a more
general version of Slepian’s inequality, which includes Fernique’s formulation as a
special case, can be found in [33, Theorem 2.8|.
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Theorem B.1. Let N € N and X = (X1,...,XN), Y = (Y1,...,YN) " be two
centered Gaussian random_vectors in RY, defined on a complete probability space
(Q, A, P) with expectation E. Assume further that

Vi,je{l,....N}: E[IX; - X;’] <E[|Y; - ;%]
and let G: [0,00) — [0,00) be convex and increasing. Then,

IEG’( max |X; — X|) SIEG( max |Y; — Y|)

1<i,j<N 1<i, <N

Lemma B.2. Let M € N and assume that (gj) 1, is an orthogaussian family on

a complete probability space (Q, A, IP’) (with ezpectatwn E) and that ¥: R? - R is
a continuous function such that ¥(0,0) = 0. Let (Ij)j 15 (yj) 1, C E, and define

the centered Gaussian process Gi: B X Q=R on (Q .A IP) indexed by the closed
unit ball Bg/ in the dual space E' by

Zgj yj)) f € Bg.

Let Go: Bpr X Q — R be a second centered Gaussian process on (ﬁ,ﬂ, ﬁ) such that

Vf,h€ Bp: E[|Gi(f) — Gi(h)|*] S E[|G2(f) — Ga(h)]?]. (B.1)
Then, for all q € [1,00) we have that
E|(supsen,, 101(/))°] < 29E|(supsep,, 19()))"]- (B.2)

Proof. Set Ny := 0 and fo :=0 € E. Given M € N and (z;)}L,, (y;)}L, C E, for
f € E and ¢ € (0,00), define the subset
Us(f)i={h € B max |f(w;) ~h(z;)| <6, max |f(y;)—h(y;)| <} C F.

1<5< 1<y

Then, for every f € E" and all 6 € (0,00), the set U(;( f) is open (more precisely, a
neighborhood of f) in £’ with respect to the weak*-topology on the dual space E".
By the Banach—Alaoglu theorem the closed unit ball By is weak®-compact. Hence,
for every n € N, the open cover

U U.(f) 2 Bg
fEBg

contains a finite subcover. Iteratively, for every n € N, one can find an integer
N,, € N, satisfying N,, > N,,_1, and elements fn,_,+1,..., fn, € Bg such that

N,
Bp © U U%(fl/)

v=1
Note, in particular, that this definition of fi,..., fn,, n € N, implies nestedness,

(fl,...,an) g (fl,...,me) for n < m.
Next, we define for every non-negative integer v € Ny the real-valued random

variables X, := G1(f,) and Y, := Go(f,). By assumption (B.1) we then have for
all n € N and every v,v' € {0,...,N,},

EUXV - Xl/’|2] = E[lgl(fzz) - gl(fl/’)|2] < E“gQ(fV) - g2(fu’)|2]
=E[Y, - Y%
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By Fernique’s version of Slepian’s inequality, see Theorem B.1, applied for the
convex increasing function G(t) := t9, t > 0, and by using the fact that fo =0 € E’
implies that G;(fo) = 0 holds P-a.s., we find that, for all n € N, g € [1, 00),

B[ (maxosysn, 161 ()N)] < B[ (maxosyrsn, 161 () = Gu(f)])']
= E{(maXOSV,V’SNn |XV - XV’|)q] < E[(maXOSV,V’SNn |Yl/ - YV’|)q]

< 2B (maxosuen, [Vo))’| < 29[ (supsep,, 192(0))"]-
To derive (B.2), it remains to prove that lim,_, « ||:Sn HL @Rr) = =[S, ,(fR)» Where

S, = 0<Hu1%)1{\/ |X”|_o<m%)1<\/ 1G1(f»)] and S Zfseljlgl;wl( -

By the assumptions on the process Gy, there exists a set §~20 € A with H~3’(§~20) =0
such that the mapping Br' > f — G1(f)(@) € Ris continuous for allw € Q\Qo with
respect to the weak*-topology on Bp. Indeed, there exists a P-null set QO € A such
that (W) := maxi<j<ar |g;(W)| < oo for all w € Q\ €, and for every € € (0, 00) we
obtain the implication

Vo e\ Q:  heUs@(f) = 1G(H@) -Gm@)| <e (B3I
Here, we used continuity of ¥: R? — R to choose d.(@w) € (0,0) such that
max{[s; — t1],]s2 — ta]} < 0(@) = |U(s1,52) — U(t1,t2)| < eM'G(@)" "
Fix & € Q\ Qo and € € (0,00). Then, there exists f¢ = f(&) € Bps such that

sup |G1(f)(@)| < 1G1(f)(@)] + %

feBg

Furthermore, by definition of the sequences (N, )nen C N and (f,)ven € Bgr, for
every d € (0,00), there exists ns € N such that

HV*E{I,...,NM}: feeUs(f,).

By P-almost sure continuity (B.3) of the mapping Br: 3 f — Gi(f) € R with
respect to the weak*-topology, we conclude that there exist n. = n.(w) € N and
Ve = V(W) € {1,..., N,_} such that

161(£9)@)| = 161 (£ )@)| < 161(f)@) = G1(£.)@)] < 5.,

and
5,(@) = Sy, (@) = Sup 1G1(f)(@)] - 02X 1G1(f)(@)]
< sup [G1(H)@)] ~ 1G1(£.)@)] < G (F)@)| ~ 161 (fo ) @) + = <€

2

€Bpg/
follows. This shows that, for almost all & € €,
Se(w) = sup [Gi()(@)] =sup max [G1(f)(@)] = Hm S (&)

€Bp/
Since the non-negative random variables (S,,),en are non-decreasing in n € N,
P-almost surely, the L,(Q;R)-convergence Jim 1Snll 2, @) = 15N 2, (@r) follows

from the monotone convergence theorem. [
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