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Variational forms for the inverses of integral logarithmic
operators over an interval

Carlos Jerez-Hanckes* 't and Jean-Claude Nédélech

Abstract

We present explicit and exact variational formulations for the weakly singular and hypersingular
operators over an open interval as well as for their corresponding inverses. Contrary to the case of a
closed curve, these operators no longer map fractional Sobolev spaces in a dual fashion but degener-
ate into different subspaces depending on their extensibility by zero. We show that a symmetric and
antisymmetric decomposition leads to precise coercivity results in fractional Sobolev spaces and char-
acterize the mismatch occurring between associated functional spaces in this limiting case. Moreover,
we naturally define Calderén-type identities in each case with potential use as preconditioners.

Key words: Open surface problems; Laplace equation; integral logarithmic equations; boundary
integral equations; Calderén projectors.
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1 Introduction

We analyze the ubiquitous logarithmic singular operators arising when solving via boundary integral
equations screen [30, 19, 28], crack or interface problems [4, 24, 25, 31], with piecewise constant coefficients
in R2. In particular, we focus on the associated weakly- and hyper-singular boundary operators as well
as on their inverses. In general, solutions over a domain O € R? with boundary O can be constructed
in terms of boundary data using the single and double layer potentials [29, 17], defined over R? \ 9O as

(Us0)00) = [ lox el )ax (1)

(Upra)(x) = Oy log

—a(x')dx’, (2)
90 [[x —x'|

respectively, and where the normal derivative 0,, = n - Vi with n being the unit normal vector pointing
outwards for closed boundaries. After taking Dirichlet and/or Neumann traces of these potentials and
imposing boundary conditions, one needs to solve a Fredholm integral equation of either first or second
kind. When the boundary is closed, Calderén identities hold even for Lipschitz boundaries with their
beneficial properties as preconditioners [9] and Dirichlet and Neumann trace spaces are dual to each
other.
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The situation changes drastically when considering open boundaries. Indeed, Calderén identities break
down due to the disappearance of the double layer boundary operator (and its adjoint) and the mapping
properties of the boundary operators degenerate. Indeed, instead of working on standard Sobolev trace
spaces H*1/2 (defined below), one must consider the subspaces, commonly denoted as either H*'/2 or
Hggl/ 2, obtained for the positive sign by extension by zero (in negative case, by duality with H'/?)and
which are endowed with a finer topologies [8, 15]. Thus, most existing works tackle the arising integral
equations separately.

On one hand, the hyper-singular operator cannot be interpreted as an integral in classical sense and
one must regularize or use a variational approach to solve it [7, 3, 27]. Numerically ill-conditioned,
the integral equation can be preconditioned using the standard weakly singular operator [18] but the
conditioning number still grows logarithmically with mesh size. On the other hand, solutions for the
weakly singular operator present strong singularities at the end points of the interval. More precisely,
they behave as 1/\/8 where d is the distance to the end points [5, 19, 13]. Consequently, solving this type
of first-kind Fredholm equation has received considerable attention in the past as the vast literature proves
[1, 14, 6, 26, 10, 12], to name a few. Unfortunately, numerical solution via classic Galerkin schemes with
uniform meshes yields ill-conditioned matrices for which preconditioning via standard Calderén projectors
perform poorly.

The aforementioned issues can be systematically and holistically addressed when decomposing so-
lutions over the plane into symmetric and antisymmetric parts. By doing so, one obtains: (i) exact
characterizations of occurring functional spaces; (ii) mapping properties of the weakly singular and hy-
persingular operators; and, (iii) explicit and exact variational formulations for the operators as well as
for their corresponding inverses are retrieved. Although we carry out the analysis only for the Laplace
equation over the unbounded domain surrounding an interval with Dirichlet and Neumann conditions
(Section 2) extensions can be immediately be carried out as perturbations. Main results are condensed
in Section 3 and proofs are given in Section in 4. These last one are based on the previous observa-
tion together with extensions and combinations of many results previously derived in Holder spaces [22],
weighted L%-spaces [20] and Tchebychev polynomials [16].

2 Preliminaries

2.1 Geometry

Without loss of generality, introduce the canonic splitting of the isotropic R? into two half-planes 74 :=
{x eR? : x4 s O} with interface I' given by the line x5 = 0. The interface is further divided into the
open disjoint segments I'. := I x {0} and I'y := '\ 'z, where I := (—1,1). Extension to smooth or
Jordan arcs in R? can be treated as compact perturbations.

2.2 Notation

Let O C RY, with d = 1,2, be open. We denote by ¢*(0O) the space of k-times differentiable continuous
functions over O with k € Ny. Its subspace of compactly supported functions is 4 (O) and for infinitely
differentiable functions we write 2(0) = 65°(D). The space of distributions or linear functionals over
2(0) is 2'(0). Also, let LP(O) be the standard class of functions with bounded LP-norm over O. By
S’'(O) we denote the Schwartz space of tempered distributions [2, Chapitre 9].

Duality products are denoted by angular brackets, (-, -), with subscripts accounting for the duality
pairing by stating only the functional space of the second argument. Inner products are denoted by round
brackets, (-, -), with integration domains specified by subscripts. Furthermore, operators are denoted in
mild calligraphic style and complex conjugates by overline. The adjoint of an operators will be specified
by an asterisk.



2.3 Standard Sobolev spaces

For s € R, H*(O) denotes standard Sobolev spaces [17, Chapter 3]. Let s > 0, we say that a distribution
belongs to the local Sobolev space H{, (O) if its restriction to every compact set K € R? lies in H*(K).
If s > 0 and O Lipschitz, H*(O) denotes the space of functions whose extension by zero over a closed

domain O belongs to H 5(5) We make the following identifications:

_ , - /

A720) = (1(0) and - HV0) = (1V(0) o)
and if O = O, then H¥/2(0) = H¥'/2(0).

2.4 Traces

Define restrictions over the half-planes:

ut = .

As customary, we introduce the interior trace operators v+ : 2(71) — 2(T') as

yFu = lim wu(zy,e) = yFut. (4)

e—0

If s > 1/2, the operators 4 have unique extensions to bounded linear operators H; _(m+) — H}S(;UQ(F)
[17, Chapter 3]. Furthermore, one can define the trace over a bounded subdomain T’ in the following

way:
Theorem 2.1 (Trace theorem). Let I'y C T' be bounded. Then, we denote by 'yljt the trace operator:

v ot D7) —  2(Ty)

+ + £ 4+
urt — Ut = yuTp,

(5)
If s > 1/2, a unique extension to a bounded linear operator ”ygt D Hj (7g) — HS~Y2(Ty) can be obtained
by density of 2(7+) in H*(my).

The symbol [y] := v* — v~ represents the jump operator across I'. In the case of T', being a non-
orientable manifold of codimension one, we assume n pointing along the positive zs-axis, i.e. Xo.
2.5 Weighted Sobolev spaces

Since the problem domain is unbounded, one usually works in either local Sobolev spaces or in the
following weighted Sobolev space :

u
(1+7r2)1/210g(2 + r?)

wh=lQ) = {ue 7'(Q) : € L*(Q), VueLQ(Q)}, (6)

which coincides with the standard H. () for a bounded part of © and avoid specifying behaviors at

infinity [23]. Furthermore, these weighted spaces are Hilbert whereas local Sobolev spaces are only of
Fréchet-type. We also define the subspace:

Wy '(Q) = {ue WHHQ) : 7iu =0} . (7)

The following Lemma will be useful:



Lemma 2.2 ([23], Section 2.5.4). Define the semi-norm:

|u|i_1)Q = / [Vul? dx . (8)
Q
Then, there exists ¢ > 0 such that
lull i1y < clul 1o Vue Wy Q). (9)

Moreover, the semi-norm constitutes a norm on the space WH=1(Q)/C. Specifically, there exists ¢ > 0
such that
inf lu = pllyr, 1) < cluly g YueWH Q). (10)
peC o

Now, traces along I' for elements in WH~1(Q) lie in the usual Hllo/f(l“), and their restriction to

a bounded T generates the subspace H'/?(T.). Lastly, let us introduce the space ﬁo_l/2(FC) as the
subspace of H~1/2(T",) distributions with zero mean value, i.e.

Hy'2(1,) = {906f1_1/2(Pc) e Dy = O} ' .

which is related to the compatibility condition for Neumann problems.

2.6 Dirichlet Problems

We consider the Laplace problem with two different Dirichlet conditions g* from above and below on T...
This boundary data lies in the Hilbert space:

X = {g =(97,97) e H2(To) x H'A(Lo) : g* — g~ € ﬁl/z(Fc)} (12)

with norm , ) ) )
lgllx = HngHH1/2(FC) + H97HH1/2(FC) +lg* - 97”?11/2(11)

Equivalently, we define the Hilbert space for Neumann data:
Vi={o= (" 07) e HVAT) x HVAT) 1 o — o e Hy VATL) | (13)

with similar norm. The Dirichlet problem we consider is:
Problem 2.3. For g € X, find u € W1 ~1(Q) such that:

—Au =0 x € €,

+ 14
%_ u=g x e l.. (14)
Ye

2.6.1 Uniqueness of solutions

Any function u in WH~1(Q) can be split into its restrictions on 7:

ut = uly, € WhT(my) (15)



By the trace Theorem 2.1, traces ytu* € Hlt/cz(f‘) are well defined. By definition, if u is solution of

Problem 2.3, then ytu* = g*. Since g € X, the jump [y.u] belongs to fll/Q(Fc). Furthermore, due to
the regularity of the solution in the interior of €2, it holds

null Dirichlet jump: [ysu] = 0, (16)
null Neumann jump: [YfOnu] = 0. (17)

By the extension theorem [17], there exists a continuous operator & : HY/?(I'.) — H'/?(T') extending
gt over T satisfying

Efgt e H1/2(I‘) , supp (Sfngr) el and (Sffg"’) |Fc =g". (18)

On the other hand, [g] € HY/2(T.) so that its extension by zero fgv], lies in H'/2(T"). Moreover, the
extension of g7 to I' is also an extension for g~ and we can choose the extension operator of the inferior

value as one extension for the trace on I' of EEL g" — [g], which we call &7 g~ which is also continuous.
Now, Sff g" and & ¢~ also admit liftings with compact support in the upper and lower half-planes,
respectively, provided by the continuous operators R* : H'/?(T') — W11 (ry). Define v* € WhH=1(ry)
through the operator composition:
vt = (RYo&F) gF (19)

having compact support, i.e., supp(v*) € m. Now, introduce
v = viifx € 1y, (20)

so that by (16), v € WH~1(Q). This allows the definition of an operator A : X — W1 =1(Q) such that
v := Ag for which it holds

| Aglwr () < Callgly (21)
by continuity of all the composing operators. On the other hand, continuity of the trace operators gives

the following result

Lemma 2.4. Ifu € W“—Y(Q) is such that v;:u = g* with (g%, g7) € X, then there exists a real positive
constant C'x such that

Igllx < CXHUHWIA(Q) (22)

Proof. Let u be as assumed. By continuity of the trace operators 7, we have
+ +
g ||H1/2(FC) = H’VmuHHW(FC) <Oz lullyr-1q -

On the other hand, we have g7 — g~ € HI/Q(I‘) and gt —¢g~ =0onTy. Thus g™ —g~ € H'Y2(T,), and

loc

g € X, with the above continuity. O

Since by construction v = g*, it holds v (u — v) = 0 and we can rewrite the above problem with
an homogeneous Dirichlet condition:

Problem 2.5. Let v be constructed as just explained. We look for w = u — v in Wol’fl(ﬂ) such that

{—Aw =f x € €, (23)

YEw =0 x e,

where f:=Av € (Wol’_l(Q))/.



Proposition 2.1. Problem 2.5 has a unique solution w € Wy~ ' (Q).

Proof. From the distributional sense of (23), we first observe
1,-1
- <Aw, wt>W&‘71(Q) = <f7 wt>W01,71(Q) v U)t S WO (Q) (24)

Now, let Br be the open ball of radius R > 0 centered at zero with boundary 0Br and where R is large
enough so as to contain the support of f. Let I'r := ' N B and Bﬁ := 74+ N Bg be upper and lower
semi-circles with boundaries B = I'r U (9Bgr Nmx). On the other hand, for every w' € Wy Q) it
holds

t _ t t
_ <Aw, w >W01,71(B§) = (Vw, Vuw )B§ — <763§8nw, VoW >H1/2(88§), (25)
and addition of both parts yields
—(Aw, wt>W01”1(BRnQ) = (Vw, th)BRﬂQ — (0BROnw, 733th>H1/2(aBR)
(26)

Z F (YROnw, 7§wt>Hl/2(FR) ’
+

where dual space subscripts are dropped for clarity. By definition of W1 ~1(Q), when R tends to infinity,
the term over 0BR goes to zero. The remaining boundary term over I'r extends now over I' wherein the
splitting into T'. and 'y holds. By definition y;-w! = 0 and v,w® = vfwt, so that the duality products
over I', vanish and the terms over I'y yield:

- <7+8nw, 7+wt>F + <7_8nw, 7_wt>F = — <[7f8nw] , vfwt>rf . (27)
By the transmission condition (17), the above contribution disappears to obtain:

Pp(w,w') = (Vw, th)Q =(f. wt>Q Ywl e Wy (). (28)
The associated bilinear form is continuous and coercive on Wy~ (Q). Indeed,

Pp(w,w) = (Vw, Vw)g = |w|i_179 > c? ||w||§vf}’*1(sz) (29)

by Lemma 2.2. Thus, by the Lax-Milgram theorem, we have uniqueness of w since f belongs to the dual
space of Wy~ H(Q). O

Proposition 2.2. If g € X, then Problem 2.3 has a unique solution in WH=1(£).

Proof. Let w* denote the solution of Problem 2.5. Then, the solution of the original Problem 2.3 is
u* = w* + v and is independent on the lifting v € WH~1(Q). Indeed, if we let u} = w; + v; denote the
solution for two different liftings ¢ = 1, 2, then it holds

A} —u3) =0 Q
Sl ) - . (30)
yE(uf —ul) =0 x e,
which has as unique solution u] — u35 = 0 by Proposition 2.1. O



2.6.2 Symmetric and Antisymmetric decomposition

Problem 2.3 can be split into two ones, in the following way. To any function u in W1 ~1(£2), one associates
restrictions u* on 74 belonging to W11 (r4). Denote by 4* € Wh~1(R?) the mirror reflection of u*
over mx. Then, symmetric and antisymmetric solutions are written as

ot 4 u gt +g

- gs = ————
2 associated to the data 2 (31)
2

Similarly, denote by 70, u™ the Neumann boundary value of the restricted solution over each halfplane.
Then, normal traces can also be decomposed by parity. Due to the set orientation of the normal n = X,
they take the form:

5 ) N " ot 4+ a-
n)st 1= 5Xg - V(U —u), . s = T a
(On) s 2?? (uv uvj associated to the values 2 (32)
871 asU = §X2'v( ++u 5 U — —u
as 2 I
and we have the associated Green’s formula (as (Vus, Vvgs), = 0):
(Vu, VU)Q = (7e(0n)su, "chs>H1/2(rc) + (Ve(On)asu, 'chas>f11/2(pc) ) (33)

for v € WH=1(R?) split into symmetric and antisymmetric parts. It immediately follows,

Proposition 2.3. The solution of the Dirichlet isotropic Problem (2.3), is such that its Neumann trace
at T'. belongs to the space Y. There exists a unique application D : X — Y associating Dirichlet traces to
Neumann traces (Dirichlet-to-Neumann map or DtN). Moreover, the energy inequality holds

(Pg, g, > Clellx, (34)

for g in X, and where the vector duality product is given by:

<Dg7 g>1‘c = <D gs 9 gS>H1/2(1“C) + <D gas ) gas>ﬁ1/2(rc) . (35)
Proof. By Proposition 2.2, an unique continuous application 7p exists such that

Tp : X — WhHY(Q),
g — u=7pg.

Due to the trace theorem 2.1, one can construct a continuous operator

c

,Y+
D = <,7C > o0p,0oTp : X — Hﬁl/z(rc) X Hﬁl/z(rc)a

belonging to Y since 71 d,u — v, Opu € EIJ 1/ 2(I‘c). Parity decomposition follows by taking duality with
v split into symmetric and antisymmetric parts using formula (33). O

Corollary 2.6. If g* =: g € H'/?(I'.) \ C, the corresponding solution of 2.3 in Q is symmetric with

respect to T'. Moreover, there exists a unique DtN operator Dy : H'/?(I'.) \ C — flgl/Q(I‘c). Moreover,
the energy inequality holds

(Dsg, 9)r, = Cllglinee e (37)



Proof. Let g = (g,g) then the difference g™ — g~ = 0 lies trivially in fll/Q(Fc) and g € X. Thus,
Proposition 2.3 holds but now the norm is
lgllx =2 HgHH1/2(FC) )
and the duality product is
> (im0 Tog, g7 ) = 2{ve0nTgl , 9)r, (38)
+
where 7p is given in (36) and factors two cancel out. We obtain the desired inequality by defining

Ds := [7:0nTpTax2] where T, is the identity matrix of dimension n. O

Corollary 2.7. If g& = +g € ﬁl/Q(FC), the associated solution of 2.3 is antisymmetric with respect to
T'. Furthermore, there exists a unique DtN operator Das : HY/?(T.) — H~'/2(T'.) Moreover, the energy
inequality holds
2
(Das g, g>pc > C ||9||f11/2(pc) . (39)

Proof. Define g := (g, —g). Then the difference gt — g~ lies trivially in H'/2(T';) and g € X. Thus,
Proposition 2.3 holds but now the norm is

el = 209l i2/2r,
with duality product

Z <’Y$8nTDg7 gi>rc =2 <FYCanTDg7 g>f‘c ) (40)
+
so that factors cancel and we obtain the desired inequality. O

2.7 Neumann problems
Problem 2.8. Find u € W ~1(R?) such that

—Au =0 x € €,
v Onu _ <l (41)
vgﬁnu [3)

where ¢ belongs to the space Y and is defined in distributional sense.
Define Yy as the subspace of Y of functions satisfying

(el Dr, = 0. (42)

c

Proposition 2.4. The Neumann Problem 2.8 has a unique solution in the space WH—1(R?)/C if and
only if ¢ € Y.

Proof. We have the following variational formulation:
On(u,v) = (Vu, Volp, =Y (o, v ), VeeWH (R, (43)
+
Clearly, the bilinear form ® is coercive and continuous. On the right hand side, the dual form is well

defined only if ¢ € Y, since v.v € X. Moreover, if v is equal to one the bilinear form is zero and thus ¢
must satisfy the compatibility condition:

(] , p, = 0. (44)
Consequently, if ¢ belongs to Yq, by the Lax-Milgram theorem, the problem has a unique solution in
wWh—1(R?)/C. O



Symmetric and antisymmetric Neumann problems can stated as follows:
Problem 2.9. Find ug, uqs € WH71(R?) such that

—-A s — Uy Qv —-A as — Y, Qv
{[ U 0 X € and { U 0 X € (45)

chanus] = 907 X 6 ch Vétanuﬂs = ¢a X 6 ch
for data ¢ in the space H, /*(T',) and ¢ in H=/2(T,). We will refer to the maps taking Neumann data
into Dirichlet traces as Neumann-to-Dirichlet maps (NtD).

Proposition 2.5. The symmetric Neumann problem 2.9 has a unique solution in W~Y(R?)/C if and
only if p € Ho_l/2(Fc). Thus, there exists a unique continuous and invertible NtD, denoted N5 :
H&l/z(f‘c) — HY%(T,)/C. Moreover, the energy inequality holds

Wag. @), 2 Cllelvig, - (46)
The inverse of this application is the operator Dy defined in corollary 2.6.
Proof. We have the following variational formulation:
Oy (u,v) = (Vu, Vo)g = (¢, ’70’U>FC Vo e WHTHR?) (47)

Clearly, the bilinear form @ is coercive and continuous. On the right hand side, the dual form is well
defined only if p € H~'/2(T",.) since v.v € H'/2(T'.). Moreover, if v is equal to one the bilinear form is
zero and thus ¢ must satisfy the compatibility condition:

(¢, Dp, = 0. (48)

c

Hence, if ¢ belongs to IA{TO_ 1/2 (T'.), by the Lax-Milgram theorem, the problem has a unique solution in
wi—1(R?)/C. O

Proposition 2.6. The antisymmetric Neumann problem 2.9 has a unique solution in W1 =1(R?)/C if
and only if € H=Y2(T'.). Hence, there exists a unique continuous and invertible N g5 from H=V/2(T'.) —
H'Y?(T.). Moreover, the energy inequality holds

2
<Nas¢7 ¢>FC 2 CHQS”H*U?(FC)' (49)
The inverse of this application is the operator Dy, defined in corollary 2.7.

Proof. By Proposition 2.4, an unique application defined over R? is allowed such that

Iy : H7V2(r.) — WL Y(R?)/C,
o — u = Tyep.

Also, since u € WH=1(R?)/C, by the trace theorem, there is a unique trace from either side such that
yFu = —y7u and we can construct an operator N'ys = [y, 0 7] with range in H/?(T.). Thus,

Nas ¢, ‘P>rc = (Vu, Vu)p, = |u|i_1)R2 = Oy ””Ycu”%1/2(pc) (50)

by continuity of the lifting operator. This proves the invertibility of N,s. Moreover, since N4 is also
continuous, it holds

”(pHH*l/?(FC) = HN;sl [VCU]HH—l/Q(FC) < C2 |H70u]|‘ﬁ1/2(r‘c)7 (51)

which combined with the previous inequality yields the desired result. O



3 Main results

We now present the main results of this work: explicit variational forms or regularizations for the weakly
singular and hypersingular operators over an interval and its inverse; and Calderén type identities over
an interval. In fact, we will show that there exist two equivalent forms for the inverse of the weakly
singular operator and two equivalent representations for the hypersingular operator. Moreover, we study
the mapping properties of the underlying operators. Proofs are given in the following section.

Introduce the following integral logarithmic operators for x € I:

Lrple) = [ los (o) do (52)

Lata) = [ 1og | T8 (o) an, (53)

where the first one is the standard weakly singular single layer operator and where in the second:

M(x,y) = 1

5 (=2 + (@) + ww)?), (54)

with w being the weight function w(z) := v/1 — 22 for x € I. Lastly, introduce the subspace H? (L)
of functions ¢ in H'/?(T,) satisfying
(9, w)p, = 0. (55)

3.1 Symmetric problem and the weakly singular operator

In this case, symmetric Dirichlet and Neumann problems are given via the simple layer potential (1)
with 0O replaced by I'.. For the Neumann version, one just simply introduces the data in the potential
whereas for the Dirichlet problem one needs to solve: find ¢ such that

L1o(x) = g(z), rel. (56)

This integral equation admits an explicit inverse and variational formulations for the equation as well as
for its inverse are given in the following proposition:

Proposition 3.1. The symmetric variational formulation of the integral equation (56) in the Hilbert
space Ho_l/2(Fc) is
(Lig, o), = (g, "), Vo' e Hy'*(T,) (57)

The associated operator is Ns which is a bijection between ﬁo_l/ (Te) and H1/2(Fc). Moreover, the
associated bilinear form is coercive, i.e.,

(Lrip, ©)p, > CII@II%(;I/2(PC) Ve e Hy V(T (58)

The inverse operator is bijective from Hi/2(FC) onto H J12 (Te) and is associated to the operator Ds

which is symmetric and coercive in the space H* (I‘c). It admits two variational formulations:
1 / 1/2
— <£29’7 (9") >F = (¢, g, Vg eHT0), (59)

c

which gives a first norm on the space Hi/2(FC):

1
— (L2g' 9 )r. 2 Clglprg,.  Voe HAT). (60)

10



The second one s

QWQ//dxdy { - y)} (9(x) = 9(y)) (9" (z) = g'(y)) dydz = (¢, g")p. (61)

|z -y

for all g* € Hi/Q(FC), and we obtain a second norm on the space Hi/Q(FC) which is:

1—ay (9() —9(®)" ) .
// ) (z—y)? dydr > C HQHHi/z(FC), Vg€ Y (To). (62)

Remark 3.1. Although the Dirichlet problem 2.3 admits a unique solution for all ¢g* = ¢ in H'/? (To),
the solution to a constant data, e.g. corresponding to v;5u = 1, is such that ¢ = 0. Thus the integral
representation (56) cannot describe this constant solution. The exact image by the operator Ny of the

space I;TO_ L *(T'.) is the subspace H, / ?(T') which also do not contained the trace of the constant function.

3.2 Antisymmetric problem and the hypersingular operator

The solution for the antisymmetric Dirichlet problem is retrieved by direct action of the double layer
potential (2). However, for the Neumann version, one must first solve the hypersingular integral equation
for o (the jump of the Dirichlet trace):

][ y)dy, for zel. (63)
PR

where the dashed integral is understood as either a finite part integral for sufficiently regular « or in weak
sense for functions in Sobolev spaces.

Proposition 3.2. A symmetric variational formulation for (63) in the Hilbert space fll/2(f‘c) is given
by
<E1 o, (ozt)/>F = <(p, at>r , Val e H1/2(FC) (64)

The associated operator Dqs is a bijection from HY?(T.) to H='/2(T,). Moreover, this bilinear form is
coercive, 1.e.,

(Lra,d), 2 Cllallee, . Yo HT). (65)

This operator admits an alternative variational formulation:

// (at(x)—at(y))dxdy+2/Ide — (¢, a") (66)

Iw—yl 1—a?

for all ot € fll/2(f‘c), and the next expression is a norm on fll/Q(Fc)

(a(x) — a(y))® alx)? , .
dedy+2 ’ 1_x2dx20”0‘”f11/2(rc)= Vae H/*(T,) (67)

The inverse operator is associated to the operator N} = Das, and it is a bijection of H=Y/?(T.) onto
H'Y2(T.), symmetric and coercive in the space H=Y/%(T..). It admits the following variational formulation:

1 _
—(Lop, @)y, = (o, ¢'), Vo e HA(T) (68)
and thus, the following expression is a norm on the space H_l/Q(I‘c)

(Law,9) > Clellirw,), VeeH VAT, (69)
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Proposition 3.3. The subspace fll/Q(Fc) is exactly the functions g in the space Hi/2(1"c) such that w™'g
is in the space L*(T.).

The space ﬁo_lm(Fc) is exactly the image of functions which are the deriwative in the usual distribution
sense of functions in the space H/2(T,).

3.3 Calderén-type identities

Two derivation operators have appeared in the above propositions, one whose domain lies on HY 2(r.)

and another acting on Hi/z(f‘c). Since H'/2(T'.) can be extended by zero to be a subspace of HY/2(R)
which is a subspace of the distribution space S'(R) the first derivation operator, denoted by D, is defined
distributionally. We will denote the second one as —D* taken in classical sense.

Proposition 3.4. The derivation operator D is continuous and surjective from the space H/? (T.) onto
Ho_l/2 (T¢), while the derivation operator —D* is continuous and surjective from the space Hi/Q(FC) onto
the space H’l/Q(FC). Moreover the operator D* is the adjoint of the operator D with respect to the duality

product in L?(T.).

Finally, one can prove some properties linking these derivation operators D and D* and the logarithmic
operators previously introduced just by considering the variational forms of Propositions (3.1) and (3.2).

Proposition 3.5. The operators L1, Lo, D, D* are linked by the identities

—LooD*o Li0D = Iﬁl/Q(FC), —LioDoLyoD* =T

—DoLooD* oL = v

Hi/2(Fc)7

(;1/2(Pc), —-D* OLQ ODOE1 = ZH—1/2(FC).

and also

(D* o Ly)" ' = —Do Ly, (LyoD*)™ ' = —Ly0D. (71a)

3.4 Examples

As a by-product of these investigations, we state explicit examples of functions lying the aforementioned
Sobolev spaces. These are useful to grasp the main differences. Let us introduce the following functions:

Vs(z) = log’ w?(x) and  Ws(z) = w2(z)log’ w?(z), forzeT.. (72)
dependent on real parameters «, (3.

Proposition 3.6. The function Vj is in the space H'/?(T.) if B < 1/2 and in the space HY2(T,) if
B < —1/2. The function Ws is in the space H-Y/2(T'.) if B < —1/2 and in the space H=/?(T,) if
8 < —=3/2.

Proof. We only have to study the functions at one endpoint, let us say (—1,0). We use local polar
coordinates (r,0) € R? with r € [0,00) and 0 € [—7/2,37/2) centered at this point and use the definition
of the trace spaces by directly taking traces. Thus, when # = 0, the coordinate r along the segment is
equivalent to w?(z). The function Vj is locally associated to the trace of the function log”  which is in
H'(Q) for 3 < 1/2 and thus Vj lies in H'/?(T.). For the extension by zero, we use the function

log” (r), for —m/2<0<7/2,

73
sinflog’(r), for m/2<6 < 3n/2, (73)

Zg(r,0) = {

whose trace is zero for z < —1 and thus belongs to H'/2(T',). This function is in H(2) for # < —1/2.
The results for the function Wy are a direct consequence of the properties of the operators D and
D*. O
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4 Proofs for the Main Results

4.1 Analytical tools

We summarize all the results required in the proof of the above propositions. More details are provided

in [11] and references therein.

4.1.1 1In Holder spaces

Denote by C%%(I) the class of real (or complex) functions that satisfy the Hélder condition for every

7 el
|SD(T) - SD(TI)l S MO¢|T_TI|Q7 Ma > 07

for a €]0,1[. Cg**(I) is the space of C>* functions extended by zero at the endpoints. The set C%*(I)

is a Banach space with the norm:

H‘PHcowQ(l) = ||‘PHL°°(1) + ||‘PHa.,I
. () = ()
pT) — e\
ella,r = sup ————7—
T,7'el |T T |
Lemma 4.1. Let K be compact and 0 < o < 8 < 1. Then the embeddings
COP(K) c C"(K) c C(K)
are compact.

Definition 4.1. Denote by H,(I) the set of functions that can be represented as

()
pt) = w(t)

where ¢(t) € CO*(I) and w(t) = V1 — 2, with norm
el cry = loglenny

Lemma 4.2 ([22, 21]). Let f € H,(I) with p < 1/2. The solution ¢ € H,(I) of

][ﬂdtzf(x) Ve el
It—x
is given by , ) Fr)d )
_ |1 fuw() flr)dr 0 -
p(r) = [Wg]{w(x) 2 e Vo eI

4.1.2 Weighted L?-spaces and Tchebychev polynomials

The Tchebychev polynomials T;, () and U, (x) of first and second kinds, respectively, are polynomials of

degree n, defined in x € T as [16]:

sin(n+1)6

To(x) = cosnd and Uy(z) = —r
sin

13
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with x = cosf. These satisfy the recurrence relations:
P,(z) = 2xPy,_1(x) — Po_a(z), n =2,3,..., (78)

together with initial conditions Ty(z) = 1, T1(z) = z, Up(z) = 1 and U;(x) = 2z. Furthermore, it holds

Un(z) — Up—o(z) = 2T, (), (79)
T, (x) = nUn-a(z), (80)
(wUnfl)/ = - n% (81)

for n € N, with w defined as before. Moreover, the T}, are orthogonal with respect to w™!:

1 0 n # m,
/ T () Trn(z)w  (2)de = {7/2 n=m # 0, (82)
! T n=m=0.
For the second kind Tchebychev polynomials U, it holds
1
0, n #m,
Upn(z) Up, de = 83
[ @) Unla) i) da {m, AN (33)
Based on the above, we can define the weighted function spaces and norms:
2 ! 2
Lf/w = {u measurable : |[f]l7,, = /_1|f(a:)| wt(z)dr < oo},
1
L? = {u measurable : | f| ::/ |f(2)]? w(z)de < oo},
-1
and the associated space:
W = {u measurable : u € L7, , u € qu} (85)

with evident graph norm.

Theorem 4.3. For a given x € I, the logarithmic kernel admits the expansion on Tchebychev polynomi-
als:

1 o 2
log - = log2 + Yo oT@T(y),  VYyel (86)
n=1

as a function in L%/w. For all (z,y) € I x I, its derivatives has the following expressions

r—y n=1
1 oo
=~ 2 @)l ), (88)
n=1
d? 1 1 >
1 = = 2nU,,— U,— . 89
oy Ty~ e X P ®

14



We also have for fized x € I, the following equality in L?:

|x_y| f} 2@y U, (), Vyel (90)
Derivatives of this last function are
%10 ]}i(fayyﬁ _ _Zgzixiy o1)
fmen -2
2 —
1y T = S 93)
2 oo
ey - Eatint

n=1
The following proposition links Holder and weighted L2-spaces:

Proposition 4.1 ([11]). Any function u € H,(T;), can be written as a series of weighted first kind
Tchebychev polynomials. Moreover, H,,(T'.) C L2 .

4.2 Proof of Proposition 3.1

Proof. We obtain the coercivity of £; via the variational formulation (58) and the coercivity of the
aforementioned Neumann problem. To characterize the image of the operator, we multiply the expression
(86) by w1 and use the orthogonality properties of T}, to first observe that:

(L1 w)(T) = wlog2, V7 el (95)

We then multiply this expression by (1) € I}O_lﬂ(l“c), and integrate on 7 over I'. (56). Since ¢ has a
zero mean value, we obtain (55). The remaining statement concerning the logarithmic operator follows
from Proposition 2.6.

In order to obtain an expression for the inverse operator, we start from the expression of its kernel in
term of Tchebychev polynomials given by (86)

)
log = log2 + > STa(@)Toly), Y (wy) €1 x 1. (96)

1
|z — y

The inverse operator is in fact the restriction of the operator D, to the subspace of H'/ 2(T'.) whose
functions satisfy [y.¢] = 0 and condition (55). Starting from equation (56), we obtain by derivation

][ PO g~ g, voel (97)
r, T —t

Using the inverse of this operator given in Lemma 4.2, it holds

1 [ w(r)g'(r)dr A
w2 Jp, w(z) T—x w(x)’

A= wlig2 [ (z) + /log - t|][ Z gIT(T—t at| - (99)
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This is also
1 d

2w(z) da

! / A v
p(z) = [/1 log mw(ﬂg (1) dT] + w(@)’ Vze l (100)

We now multiply (100) by a test function g’ in the space H? (T¢) and integrate. From (55), it holds

/ (@) (r)de = — rl) ][ Mg’m dr dz, (101)
I I

w2 Jw@) [z -7

for all g* € H ! /2 (T'c). Integration by part leads to a first expression of the variational formulation which

1S

= [ froe it |28 i) drae = [ ot (102)

for all gt € H ! /2 (T'c). Unfortunately, this formulation is not symmetric. Since we know that the result is
a symmetric bilinear form, we can add its adjoint to obtain a symmetric formulation. But this is not so
satisfactory. To obtain a different expression, we expand both g and g on the Tchebychev basis:

_ 2 [9@)Tu(@) .
gn = 7T/I o) W YN (103)

and thus go = 0, by the definition of Hi/Q(I‘C). Hence,

glx) = ZgnTn(:C), r € 1, (104)

and an equivalent expansion holds for g*(z). Now the expression of the bilinear form in (101) is

%/1/1 xiT i((gw(ﬂg/(r) dr dx

c- o (105)
_ 1 1 . Tn(x) wlr i . L
Using (87) and (105), it takes the form:
1 1 gt(x) /
p/]/] T—7 w(:c)w(T)g (7)dr dzx -

*i 3 T TOOtTn(x)wT Oom 2 drda
_Wg/l/lpz_:lﬂp( WUp-1(7) > gt () ()mX::1 GmUnm—1(7) drdz.

n=1

From the identities (82) and (83), we obtain that the only non zero contributions are when n = p and

m = p and so
%/1/1 - [f:gﬂ o(r) ¢/ ()] dr dz

_ %/1/1 [g:lpgpg; ﬁg)w@ U2\ (r)| drdx o
pi_o:lp 9 9 -

N =
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Now, we want an expression using only the derivatives of g and ¢* which are

g'(x) = ann Up—1(x), xz €I, (108a)

(gt(:v))/ Z ngt Un_1(x), z € I (108b)
Using the orthogonality of the Uy, i.e., (83) or relation (81), we obtain
gn = — [ Up_1(2)w(z)g'(x) dx , n € N, (109)

gl = 2 IUn71(I)w(I) (gt(x))/ dw , n € N, (110)

nw
and thus, starting from (107) together with (109) and (110), we have

%;ngngfl = //Z G n_l(x)Un_l(y)g’(x) (gt(y))/ dy dzx. (111)

Thus, due to the expression (90), the variational formulation for the inverse operator is

/ / |l,_ y| @) (') dydz = / o(x)g' (z)dz, (112)

I
for all g* € H, 1 %(T.) thus giving the stated result by density arguments.
Lastly, one obtains the variational formulation (61) by first noticing that the finite part of the asso-
ciated kernel is such that )
d M
log (z,y)
rdxdy 7 [z —y|

de=0, Vyel. (113)

This identity is obtained by integrating expression (94) over I and using the orthogonality of the basis
T, (82). From (113), we also have

2
9()g" (y) {]{ d;ldy log Mz, |) dw} = 0. (114)

lz —y

Now we express the kernel and the functions in the bilinear form (61) using their expansion on the
Tchebychev polynomials T),. In this long expression, all the terms related to the products g(x)g’(x) and
9(y)g'(y) vanished. Thus, we recover the expression (111) with a factor two. O

Remark 4.4. The different expansions of the integral kernels in terms of Tchebychev polynomials given
by (86), (87), (90), (91), (94) are absolutely essential in our proof. By doing so, one takes exactly into
account all the finite parts which appear due to the non-integrable kernels.

4.3 Proof of Proposition 3.2

Proof. Using the variational formulation and the coercivity of the Neumann problem 2.9 we obtain the

coercivity of the hypersingular operator. The inverse operator is the restriction of the operator A,

defined in Proposition 2.6, to the space of H'/2(I'.) and is also coercive in this space (Proposition 2.7).
Starting from equation (63) we obtain, by integration by parts,

o(x) :][F ! o' (y)dy, for zel. (115)

cETY
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This equation can also be written as

o(z) = —%(ﬁl a')(z), for zel. (116)

t

Multiplying by a test function o' and integrating by parts, we obtain the variational formulation (64):

(Lia, (a")) = (p,a), Val e HY?(T,). (117)

We can expand the functions a/w and af /w on the Tchebychev polynomials U,,. All these functions are
zero at the ends of the domain T, and they belong to the space H'/?(T'.), thus the summation starts at
n = 0. We have, by density arguments,

a(z) = Z anw(z)Uy (2) , x €1, (118a)
n=20
i _ 2 oz x)dx n
with an = 7T/1 (2)Up(x)dz , e N. (118b)

and equivalently for a test function af. Thus, the quadratic form associated to the integral kernel in
(115) is formally

1 o0
][][ ——a(z)a(y)dzdy = Z (n+1)a2 (119)
IJ1 |I - y| n=0
but this finite part appearing in the first hand of the equality is not clearly defined. Using the identity
(81), we express the derivatives of the functions « and o' on the functions T, /w

i ol = — OOE n o Tn—(fl:) €T a
de( ( )) —~ n—1 U/(x) 9 6 Ia (120 )
d t _ = t Tn(y)

d—y(a (v) = —gﬂnanfl wy) V€ I. (120Db)

Finally, using the orthogonality of the Tchebychev polynomials U,, and the expression (86), the bilinear
form (66) takes the form

<£1OA/, (at)/> —

2
2

fi(n-+1)ana;. (121)
n=0

In order to obtain the variational formulation (66), we first remark that the finite part of the associated

kernel is such that ) 1 |
—Y

dr = —log< ), Vy € I, 122

iw—y 11+ y| (122)

and thus, by derivation in the variable y, we have

1 d 1 2
—dr = — dr = , Vy e I 123
]Zl|x—y|2 dyJrx—y 1 —y? (123)
From this identity we also have
1 t
a(y)at(y)][ sdr = 2%, Vy € 1. (124)
Iz —y| Yy

One can express the kernel and the function in the bilinear form (66) using their expansions on the
functions wU,,, where U,, are the second type Tchebychev polynomials. In this long expression, all the
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terms related to the products a(z)at(x) and a(y)al(y) are known from the identity (124). Thus we
recover the expression (119) with a factor 2.

An expression for the inverse of the double layer potential is retrieved by using the inverse of the
operator in (115) given by Lemma (4.2). This yields

a(z) = —i][ w(r) o(r)dr + A Va e I. (125)
I

)i w(r) T—x w(z)

As the function o’ has a zero coefficient on Ty, the coefficient A is zero. Thus, (125) is also

1 [w(r) ¢(r)dr

! = — v 1. 126
o () 2 Jiw(x) T—x ve (126)

We expand ¢ and ' on Tchebychev polynomials U,,:
o(x) = Zcann(:v), x € I, (127a)

. 2
with on = —/cp(x)w(x)Un(x)dx, Vn € N. (127b)
T JrI
The function ¢! admits a primitive:
— 1

=D —ehaTuly), welL (128)

Multiplication of (126) by a test function 8¢ and integration by parts of the left hand side, yields

/Ioa(x)tp - WQ/fft ][x_T (1) dr dz, (129)

for all ¢* € H='/2(T",). Now the expression of the bilinear form in (129) is

//:1:—7' (D) w(T) p(r)dr dx

(130)
= //x—T[Z <pn1 l Z(pmm drdx.
Using (87), (130) takes the form:
//:1:—7' wi w(T) p(r)dr dx
(131)

Ool o0
- 5 [ ] S 3 M) 2 onUn(r)dr do
pe = -

From the identities (82) and (83), we obtain that the only non zero contributions are when n = p and

m =p—1 and so
%//xiTi(f)w(T)cp(T)dex
-=/) Z P01 P p(i:)) (N Uy (7)| drde (132)

:—Zp+1sﬂp<ﬂp-
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Now, using the expression of ¢ and ¢! given by (127) and (127b), we obtain

1< 1 .
32 o

oo (133)
/:/l§: @)ullwﬂamm]wmﬂ@f@»cwdw
Thus, due to the expression (90), the variational formulation for the inverse operator is
=/ 1T |%_ mwmwxzﬂmm¢@m (134)
for all ¢ € H_l/Q(FC), thus giving the stated result by density arguments. O

4.4 Proof of Proposition 3.3

Proof. We consider the norms on the spaces H'/2(T.) and H,/*(T',) given respectively by (67) and (62)
which are respectively

. (a(x) — aly))” /’a@f
all% — — " drdy +2 —dx, 135a
H ||H1/2(Fc) /[/[ |$—y|2 Fc ’U}(fl;)2 ( )

, 1—zy (a(z) —aly))’
N _ dxdy. 135b
I ||Hi/2(rc) /1/1 w(z)w(y) |z —y|? ( )

For z,y in I, it holds,
1—my 2
1<

w(z)wly) — wl@)wly)
The difference of the two squared norms (135a), (135b), is given by

) ) 1—ay } (a(x) — aly ))
all%, e L — 1_ dxd
el F, (T.) I HH*/ () /le{ w(x)w(y) Y

( )2 |:17 - y| (136)
+2/I—w(x)2dx

or, equivalently,

2 2 (a(:v) - a(y))2
HﬂﬁmmyﬂwHW@&——ﬁﬁw@m@xkﬂw+M@MMﬂMy

a(x)2 (137)

+ 2 /1 de.

As the first term of the right hand side is negative, we have
o2y < Nolinraen +2] 5| (138)

In order to obtain an inequality in the other direction, we introduce the change of variable: = cos(#),y =
cos(p), and write &(f) = a(cos#) in the equation

// y()a((lx—;ya:-yzl)j Yl d:Edy / / 5 s i)))Qd@d(p (139)
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This quantity can be decomposed as

—ale))” [T [T E2(0) — a9)aly)
// 2sm “2sin?(ZE) dad@_/o/o sn?(Pey  d0de (140)

On the other hand,

4 1 2
/o 2% = ey (141

‘fj))) dfdp = 2 / 2 / /0 o ‘j dﬁdcp, (142)

2

and so (140) becomes

|

The difference of the squared of these two norms take now the form:

i',f&

(z)a(y)
o s = ol ragry = [ / s dudy (143)
Using the previous estimates, we also have the bounds
) —a( ?))* T[T, 60
/ / —— " df dp < / 2—— dfdep, (144)
2s1n e o Jo sin®(%52)

or

(az) — ay))® o2 (z)
/ / W) (1 — 2y + w@ol) " S 4/1w2<w>d‘””' (145)

Hence, we have prove that

2 2 «@
ol < laliae, +2]|= (146)

from which we obtain , ,
HOCHH*IN(FC) <2 ||a||ﬁ1/2(rc) : (147)

If we consider the expression of the norms on the spaces ﬁl/Q(Fc) and Hi/Q(FC) given respectively
by (65) and (60). The difference of the squared of these two norms (with one multiply by 72) is given by

ol s = lelirage,y = [ [ 102 M@ )g' @ot) dyda (148)

Using two integrations by parts, we recover the expression (143) as we have

d? 1
log M (x,y) = 149
drdy MY = Gy w @) )
The result concerning the dual spaces is just a direct consequence of the duality. O

4.5 Proof of Proposition 3.4

Proof. The proof consists of using Tchebychev expansions to write down functions in different spaces and
then using term by term derivation to conclude. This implies the use of density and convergence results
previously used. Specifically, one can
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1. expand a function in HY/2(T,) in functions w(z)U, (z) as

= Z apw(z)Uy(2) , x € I
n=0

Then, it results from Proposition 3.2 that the following expression

2
||a||1§1/2( Z n+1)a

n=0

defines a norm in the space H'/2(T,).

2. We expand a function in the space H/?(T'.) on the functions T},(z) as

= ZgnTn(x)v z € I
n=0

and from Proposition (3.1)

2
gl 2., = 98+ ann

is a norm in the space H/?(T,.).

3. We expand a function in the space H~/2(T',) on the functions

o0 Tn
= Z wnﬂ, z € I,
n=0 ’LU((E)
Then, from Proposition (3.1)
2 2 N~1 o
lelf-12r,y = @6 + Z ol 2

is a norm in the space H~/2(T,).

4. We expand a function in the space H~1/2(T'.) on the functions U, (z) as

= Zcann(x), xz € I,
n=0

Then, it results from Proposition (3.2) that the following expression

2 _ I
”(pHH*l/?(FC) = ngon'i_l Pn

is a norm in the space H~/2(T,).
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5. We choose a function in the space H'/2(T',) given by (150), whose norm is

||04Hﬁ1/2(rc) = Z (n+1)a3 (158)
n=0
Its derivative is given by
d - T, (z)
— = — 1 ——L I, 159
dxa(:v) ;na @) S (159)

and its norm in the space H~/2(T,) is thus

This proves the continuity of this operator. The surjectivity is clear on the expression of the
derivative.

d
—a

dx

(160)

ﬁ—1/2(rc)

6. We choose now a function in the space Hi/2(I‘c) given by (152), which norm is

9l osmry = (161)
Its derivative is given by
d oo
Eg(x) = ann Up—1(z), x € I, (162)
n=1
and its norm in the space H~/2(T,) is thus
2
4, - (163)
L S TETES)

This proves the continuity of this operator. The surjectivity is clear on the expression of the
derivative.

O

5 Conclusions

We have systematically derived precise variational forms and characterizations for norms, image and
ranges for the weakly and hypersingular operators arising from the Laplace equation in two dimensions
with a bounded cut in two dimensional space. In particular, we observe that the derivation operator is
key to understand the differences in the associated functional spaces and we provide examples for these.
Moreover, we provide Calderén-type identities which will be used as preconditioners in an upcoming
work.
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