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Abstract

We analyze the hp Streamline Diffusion Finite Element Method (SDFEM)
and the standard Galerkin FEM for one dimensional stationary convection-
diffusion problems. Under the assumption of analyticity of the input data,
a mesh is exhibited on which approximation with continuous piecewise poly-
nomials of degree p allows for resolution of the boundary layer. On such
meshes, both the SDFEM and the Galerkin FEM lead to robust exponential
convergence in the “energy norm” and in the L norm.

Next, we show that even in the case that the boundary layers are not
resolved, robust exponential convergence on compact subsets “upstream” of
the layer can be achieved with the hp-SDFEM. This is possible on sequences
of meshes that would typically be generated by an hp-adaptive scheme.

Detailed numerical experiments confirm our convergence estimates.



1 Introduction

The Streamline Diffusion Finite Element Method (SDFEM) was introduced by T. Hughes, C. Johnson
and their coworkers to improve the stability of Galerkin Finite Element discretizations of advection
dominated diffusion problems since standard Galerkin FEM were known to produce oscillatory solutions
for these non-selfadjoint problems. In the pioneering papers ([2, 3, 5, 6]), the SDFEM was introduced
and its convergence rate as the meshwidth h of the FE triangulation 7 tends to zero was analyzed.
In the meantime, numerous papers have appeared showing how the SDFEM can be combined with the
related SUPG techniques [4] to obtain stable discretizations of convection dominated, incompressible flow
problems and of problems with analogous mathematical structure in solid mechanics [16, 17].

All these works considered the h-version FEM where convergence is achieved by refining the mesh T at
fixed, low polynomial degree p. The convergence rates were consequently at best algebraic. In the 1980ies,
the p- and hp-FEM were introduced by 1. Babuska and B.A. Szabé and their coworkers, and it was shown
that the hp-FEM achieves exponential convergence for elliptic problems with piecewise analytic solutions
(cf. the survey paper [1] and the references therein).

For singularly perturbed reaction-diffusion problems, it was shown recently in [14, 15, 8, 9] that the hp-
FEM can achieve robust exponential convergence. Analogous to the standard h-version, the main problem
in the convection dominated case is stability.

A rigorous proof of robust exponential convergence for the hp-streamline diffusion and Galerkin FEM
for convection dominated problems in one dimension is the purpose of the present paper. We confine
our analysis to the one-dimensional case since there the asymptotic structure of the exact solution is
known in detail [9]. We prove robust exponential convergence of the hp-SDFEM and hp-Galerkin FEM in
global norms provided that the boundary layers and fronts of the solution are resolved. Whereas in the
h-version FEM this amounts to the use of so-called Shishkin meshes (cf. [11, 12]), in the hp context this
can be achieved very efficiently by inserting just one element of the proper size into the layer (see, e.g.,
[14, 15, 8, 9]). Furthermore, we investigate the behavior of the hp-SDFEM under the assumption that
layers are not resolved which may happen, for example, when the precise location of the layer is unknown.
In this case, we show that the hAp-SDFEM leads to robust exponential convergence on compact subsets
upstream of the layer/shock for certain types of mesh sequences. These mesh sequences are those that
would typically be generated by an adaptive scheme that locates the layers and tries to resolve them.
Finally, for a model problem we study numerically the optimal p-dependence of the SDFEM parameter
and find the choice O(h;//p) to give the best performance.

Our theoretical results are in agreement with our numerical experiments which also show that Ap-SDFEM
and standard hp-FEM are comparable if all small scale features are resolved. In itself, this is already
known to CFD practitioners. The main impetus for the development of SDFEM and related subgrid
scale models has in fact come from the need for stabilization because of the inability of standard FEM
to resolve all small scales of the flow. The main conclusions of the present work are twofold:

1. hp-FEMSs are able to resolve localized small scale features of the solution such as viscous boundary
layers and shock profiles highly accurately at very reasonable cost [14, 8, 9, 15].

2. In the preasymptotic range when small scale features are not resolved, the hp-SDFEM can lead
to robust exponential convergence on compact subsets if the increase of the polynomial degree is
coupled with an appropriate mesh refinement in low order elements towards the layers.

The present work has natural extensions to two and three dimensions as well as to systems—these issues
shall be dealt with elsewhere.

The outline of the paper is as follows. In Sections 1.1, 1.2 we present our model problem and introduce two
types of Streamline Diffusion Methods, the “L2-stabilized” and “bubble-stablized” method. In Section 2
we show that piecewise polynomials on appropriate meshes can resolve small scale features such as layers
and fronts at a robust exponential rate. Section 3 is devoted to a detailed analysis of both the “L2-”
and the “bubble-stabilized” SDFEM; their performance is measured in the global “energy norm”. Our
theoretical results are corroborated by numerical examples in Section 4. Section 4 also contains the
statement that the Ap-SDFEM can lead to robust exponential convergence of compact subsets if the
increase of the polynomial degree is coupled with an appropriate mesh refinement towards the layer.



Section 4 concludes with a numerical investigation of the optimal choice of the SDFEM parameter.

1.1 Model Problem
We consider the one-dimensional convection—diffusion equation
Lou=—ceu” +a(z)u +b(z)u=f onQ:=(-1,1), u(£1) =0. (1.1)

Here the parameter € € (0,1] may approach zero, f € L%*(Q), and the coefficients a € W*(Q2) and
b € L>®(Q) are assumed to satisfy

a(x) >a>0 on €, (1.2)
bx)>beR onQ, a*+4eb>0  Vee (0,1]. (1.3)

Conditions (1.2), (1.3) guarantee that (1.1) does have a unique solution for all € € (0, 1]. The prototypical
analysis of this paper is performed in Section 3 under the following additional assumption:

b(x) — %a/(z) >v>0 on Q. (1.4)

Remark 1.1. Condition (1.4) can always be achieved for problems of the form (1.1) by the substitution
u(z) = e¥*u(x) for some bounded, appropriately chosen w and e sufficiently small.

A weak formulation of (1.1) reads: Find u. € H () such that
B (ug,v) = 5/ ulv' dr + / (aul + bu)vdx = F(v) := / fvdx Yo € H} (). (1.5)
Q Q Q

It is natural to introduce the following “energy norm” on the space H}(Q)

Hlll® := elle’l|72() + YlullZ2(q)- (1.6)
Proposition 1.2. Under the assumptions (1.2), (1.4) there holds
llull* < Be(w,u)  Vue Hg(Q),
|Be(u,0)] < [2max (1, [|a]l p=(o)/vAE 1Bl L=y /] lullL vl Vu,v € Hy ().

In particular, therefore, for every f € L?(Q), there exists a unique solution u. of (1.5).

Proof. For the first estimate, we note that an integration by parts yields

1
/au'udw—i—/ bu? dx :/ (b— —a’) u? dx > WHUH%Q(Q)'
Q ) Q 2

The second estimate follows from the Cauchy-Schwarz inequality.

1.2 hp FEM

In the classical Galerkin FEM, the infinite dimensional space H}(f2) is replaced by finite dimensional
spaces of piecewise polynomials of degree p > 1. In order to make this more precise, we introduce for a
collection of nodes —1 = 2y < 21 < -+ < xx = 1 the notation I; := (x;_1,x;) and h; = |I;| = x; — 2,1
for i = 1,...,N. The elements I; form a mesh 7 = {[;|i = 1,..., N} on Q. The classical spaces of
piecewise polynomials of degree p are then given by

SPUT) = {ue HY Q) |ul;, eUy(L), i=1,...,N}, (1.7)
SEUT) = Hy(Q)nsSPH(T),



where II,(J) denotes the space of all polynomials of degree p on the interval J. We restrict ourselves
here to a uniform polynomial degree distribution for simplicity of exposition—mutatis mutandis the
polynomial degree may vary from element to element.

The standard Galerkin FEM for (1.5) reads:
Find u¢ € S5 (T) such that B.(ug,v) = F(v)  Yv e S2Y(T). (1.9)

With a given mesh 7, let us associate a collection of non-negative numbers (p;)¥.; to be selected and
weight functions d; which can be either d; = 1 or d;(z) = b;(x) where b; is the “quadratic bubble”

4
bi(z) == F(a@ — ) (X1 — T). (1.10)
For these weights (p;, d;)Y ;, the SDFEM reads:
Find usp € S5 (T) such that Bsp(usp,v) = Fsp(v) Yo € SPH(T), (1.11)
where
N
Bsp(u,v) = Be(u,v)+ Z pi / d; (—eu” + au’ + bu) av' dz, (1.12)
i=1 I
N
Fsp(v) = F(v) +Zpi/ d;fav' dz. (1.13)
i=1 Ii

If d; = 1 for all 4, (1.11) will be referred to as the “L?-stabilized” SDFEM whereas (1.11) with the d;
given by (1.10) will be called the “bubble-stabilized” SDFEM (cf. Definition 3.1 ahead for the precise
definition). Note that the choice p; = 0 for all i reduces the SDFEM to the usual Galerkin FEM.

Proposition 1.2 implies that the Galerkin FEM satisfies the inf-sup condition and hence (1.9) is uniquely
solvable. Existence and uniqueness of the SDFEM solution of problem (1.11) is guaranteed, if the bilinear
form Bgp is coercive on S’g’l(T); this will be proved in Theorem 3.5.

2 Polynomial Approximability of the Solution

We prove now that the solution . of (1.1) can be approximated from the spaces S§ ! (T) at an exponential
rate, uniformly in €. To this end, we first recapitulate some regularity results from [9].

2.1 Regularity of the solution u.

Let us consider (1.1) on Q = (—1,1) with analytic input data a(x), b(z), f(z) satisfying

[a™ @) < Cav?  Yn e N, (2.1)
Hb(n)HL“(Q) < Cb’}/l? Vn € |N0, (22)
1™ e < Cpvf YneNo, (2.3)

for some constants Cy, Cy, Cf, Ya, Vb, v > 0. The purpose of this subsection is to illuminate the
regularity properties of u. in dependence on the parameter €. These regularity results are necessary for
the proof of robust exponential convergence of the hp-FEM obtained in the present paper. The proof of
the assertions of this section can be found in [9].

The solution u. of (1.1) is analytic on ; however, for small values of ¢, it exhibits a boundary layer at the
outflow boundary. This boundary behavior can be characterized with the aid of asymptotic expansions:
For any expansion order M € INg, we decompose in the standard way into a smooth part wys, a boundary
layer part uBF, and a (small) remainder ry;:

Ue = wpr + uﬁL +ra. (2.4)

Concerning these three parts, it was shown in [9] that the following holds true:



Theorem 2.1. Let u. be the solution of (1.1) and assume that (1.2), (1.3) hold. Then there are constants
C, K depending only on the constants in (2.1)-(2.3) and on the constants a, b, such that

Hué")HLoo(Q) < CK™max (n,e1)" Vn € Np. (2.5)

Furthermore, under the assumption 0 < e MK < 1, the terms in the decomposition (2.4) satisfy

l$ =@ < CE™nl  ¥ne N, (2.6)
[(@B)™ (@) < CK"max(n,e!)e e/ yneNy, wel, (2.7)
I lle) < CeMEME)M  n=0,1,2, (2.8)

ry(£1) = 0. (2.9)

2.2 hp-Approximation of boundary layers

As the regularity of the solution u. is now available, we are in position to formulate results for the
approxmation of u. by piecewise polynomials of degree p. We will be interested in robust exponential
approximation of u. by elements of S} ’1(T). Clearly, as u. exhibits in general a boundary layer at the
outflow boundary x = 1, the mesh 7 has to be chosen in dependence on £. The simplest scheme that
leads to robust exponential approximability is the “two-element” approach introduced in [14]. There,
piecewise polynomials of degree p on a mesh with two elements are used where one elements of size O(pe)
is located in the layer therefore able to resolve the boundary layer.

Definition 2.2. Fore >0, K >0, and p € N define the “two-element mesh” T =Tz . p aS
T={(-1,1—rpe), (1 —kpe,1)} if kpe < 1,
T={Q} ifkpe>1.
In [9] (cf. also [14, 8]) the following theorem was proved.

Theorem 2.3. Let u. be the solution of (1.1) and assume that (1.2), (1.3), (2.1)—(2.3) hold. Then there
are C, o, kg > 0 independent of € such that for 0 < k < kg

inf {Jue — 7|l L (@) + Kpell (e =)' (L@} < C(1+Inp)p’e P

where the infimum is taken over all mp € S5 (Tr ).

Theorem 2.3 follows from the ensuing Lemma 2.4. The key ingredient is the ability to decompose u.
into a “regular” part u,.y and a “singular” part upr which can be approximated separately by piecewise
polynomials weg p, UL, € SP1(T) at a robust exponential rate.

Lemma 2.4. There are C, o, kg > 0 depending only on a, b, and f (in particular independent of ) such
that the following holds. Assume that for every p € N a mesh T is given such that for some k € (0, ko)
we have S5 (Trpe) C SPH(T). Then, for each p € N the solution u. of (1.1) admits a splitting

Ue = Ureg +uBL

and there is u, € Sg"l(T) with a corresponding splitting

Up = Ureg,p T UBL,p with Uregp, upr,p € S*(T)
such that the errors
Nreg ‘= Ureg — Ureg,p, NBL ‘= UBL — UBL,p, 1 = Nreg + NBL
satisfy nreg(£1) = npr(£1l) =0 and
[Mregllzos (1) + reglloeryy < Chie™?P, i=1,...,N, (2.10)
gLl < Clap)™'e™™, =01,  (211)
(HP)1/25||77§9L||L2(Q) +lnsLllrz) < Cell2e=onp, 1=0,1, (2.12)
N I
> win {12 (021 By + ] < €m0, (213)



Proof. We will only sketch the proof as it is very similar to that in [9, 8]. In particular, ko < 1 is chosen
sufficiently small (but independent of p, €) as in [9, 8. We will restrict ourselves to the case kpe < 1 as
in the complementary case, one can take the specific splitting u,eq = 0, upr, = u. and conclude as in [§]
that we obtain the desired results.

Let therefore kpe < 1. The key idea is to use the asymptotic expansion (2.4) and to choose the expansion
order M proportional to the polynomial degree p. Let 0 < ¢ < 1 and p := ¢/ K with K of Theorem 2.1
and chooose 1 < M = puxp (strictly speaking, M should be chosen as the integer part of prxp—for
notational convenience, however, we will not pursue this point further). We note that with this choice
of u, and the assumption kpe < 1, (2.6) gives bounds on the derivatives of wy; which are independent of
g, M. We therefore set ey := wpr, upr, = ulF + ry and approximate each term separately. First, for
the approximation of u,., we note that standard piecewise polynomial approximation theory (e.g., the
piecewise Gauss-Lobatto interpolant) gives the existence of the piecewise polynomials uyeq, such that
Nreg = Ureg — Ureg,p has the properties (2.10).

Let us now turn to the construction of upr p, an approximation of upy := uBL + ryr. Equation (2.8)
gives that

IN

Ce' " eMKYM < Ce' "W eMK)(eMK)M™1 < Ce*lkp g™t
< Ce¥lemorp, 1=0,1,2 (2.14)

l
||7“§u) ||L°°(Q)

for some appropriate o > 0 independent of €, p. Next, let x,, 1 < n < N be the mesh point z,, = 1 — kpe.
As kg can be chosen sufficiently small, we may assume that 0 < z,,. Checking the proof of Theorem 16
of [8] shows that for o > 0 sufficiently small, the Gauss-Lobatto interpolant 7, of u¥F on [z, 1] satisfies

||(uf4L — ﬂp)(l)HLm([zmlD < C(ﬁpe)_le_"p, 1=0,1. (2.15)

Following an idea of [14], we now define

1+
uprp = uiF (1) (1 172 ) on
n

[1,xp] mp — uBL(2n) 11__;71’ on[xn, 1]. (2.16)

Note that ugr,, € SP1(T) and that, by (2.9) upr ,(£1) = upr(+1). Furthermore, we observe that by
(2.7)

[uBE ()| < CemarP/2, [uBL(—1)| < Ce™2/¢ < C'ee™2/(29) (2.17)
for some C, ¢’ > 0 independent of . Introducing the shorthand

._ ., BL
Zi=Upn —UBL,p

and using (2.7), (2.15), (2.17) we have for some ¢ > 0 independent of ¢, p:

kpell 2|y + |zl < C(L+mp)e”Tmoe/CI =1, n (2.18)
wpell2 Loy + 2Ly < Ce™ ™, di=n+1,... N (2.19)

As ||(77B)(l)||Loo(Q) < |[(uBt - UBL7p)(l)||Loo(Q) + HTE\QHLDO(Q), it is now easy to see that (2.11) is satisfied
by combining (2.18), (2.19), and (2.14). One proceeds similarly to obtain (2.12): Combining (2.14) and
(2.19) yields bounds on (z,,1) and (2.14), (2.16), (2.7) together give bounds on (—1,z,), so that we
obtain, for appropriate C, o > 0:

OKD

Crpee 7"P,

Cee 7P,

IN

(Efip)2|\77§3LH%2(zn,1) + |\7IBL||%2(%,1)

IN

€2||77/BLH%2(71,17L) + HUBLH%z(fon)
The desired estimate (2.12) can be obtained easily from these two bounds.

We finally turn to the proof of (2.13). We observe that the expression

N 1/2
S(n) = {me{l, hafe [(spe ' [ r, + ||n||im<li>}}

i=1



defines a norm on W1°°(Q). The triangle inequality therefore gives S(n) < S(Mreg) + S(2) + S(ra).
Together with the fact that Zf;l hi = 2, it follows easily from (2.10), (2.14) that S(nreq) + S(rum)
satisfies the desired estimate. For the remaining term, S(z), we proceed as follows. First, we recall that
n is chosen such that x,, =1 — kpe. This implies that

card{i|i >n+1, h; <e} <kpe/e=kp

N

and, together with » ;"

the shorthand

h; = kpe, this implies that Z?’:nﬂ min {1, h;/e} < 2kp. Hence, upon using

zi = (5pe) 22 3 e 11y + 1203 e

we get using (2.19)

N N
Z min {1, h;/e}z; < Ce™7"P Z min {1, h;/e} < Crpe™7"P.
i=n+1 i=n+1

Finally, from (2.18) we get
Z min {1, h;/e}z < C(1 + rp)? Z min {1, h;/e}ee(—2)/e,
i=1 i=1

A simple calculation shows that there is C' > 0 (independent of £, i) with

i—1

-1
e—a(l==)/c min{l, hi/E} </ e—a(l—t)/e dt) < e~ L.

Whence

Zmin{l, hi/eyz; < Ce™t Z/ e—al1=t)/e gy < Csfl/ e—al=t)/e gy < Cle—arp,
i=1 i=1 Y Ti-1

-1

Combining these estimates allows us to conclude the proof.

3 Analysis of the SDFEM

3.1 Preliminaries and Notation

For the analysis of the SDFEM, it is convenient to introduce the following mesh-dependent semi norm
and full norm:

N
2
Melll? = > pillVdiaw |32, (3.1)
=1

2 2 2
lellsp = Mulll” + ulll5- (3.2)

Here, the functions d; are either d; = 1 or given by (1.10). For the purpose of our analysis, we will assume
that the weights (p;, d;)Y ; are of the following form:

1
i = 0;h; —1
p 2pi

d; = b; (given by (1.10)) ifd; =1(3.3)

1
2/3p?



where the numbers d; satisfy

0<6; <8 <) :=min { (3.4)

1 ol }
lallz=" V2|l Lo bl J

As we will restrict ourselves in the remainder of the paper mostly to the special cases d; = 1 or d; = b;
for all ¢, we introduce the following terminology:

Definition 3.1. Let the pairs (p;, d;)Y, satisfy (3.3).
1. Ifd; =b; fori=1,...,N, then the SDFEM (1.11) is called “bubble-stabilized” SDFEM;
2. ifd; =1 fori=1,...,N, then the SDFEM (1.11) is called “L*-stabilized” SDFEM.
The SDFEM (1.11) is said to be “non-degenerate”, if the following “non-degeneracy” condition is satisfied:

pi s of the form (3.3) and 3¢,8 >0  such that h; > cep = §; > ¢. (3.5)

The Galerkin and the SDFEM errors share the fundamental orthogonality property:

B.(u: —ug,v) = 0  YoeSPNT), (3.6)
Bsp(u: —usp,v) = 0  YoeSPYT). (3.7)

Remark 3.2. It should be noted that the orthogonality relation (3.7) for the SDFEM holds because of
the assumptions on the data (f € L*(Q)).

For the analysis of the Galerkin FEM and the SDFEM, it will be more convenient to analyze the error
ue — ugp indirectly by analyzing the difference between the SDFEM solution and a nearby interpolant.
In order to formalize this idea, we introduce

Definition 3.3. A decomposition up = Upegp + UBLp € Sg’l(T) is said to be an admissible splitting,
if Upegps ULy € SPY(T) and there exists a corresponding decomposition u. = Ureqg + upr, such that
Upeg(£1) = Upegp(E1), upr(£l) = upr p(£1). Denoting usp the solution of the SDFEM, we introduce
the functions e, 0, Nreg, NBL GS:

usp = (Uregp + UBLp) € 55,1(7—)’ (3.8)
N = Nreg TNBL = (uTeg - ureg,p) + (UBL - 'U/BL,p) (39
=  Ueg — (Ureg,p + UBL,p)- (310)

For weights (p;,d;) of the form (8.3) and admissible splitting we define for the error n = nyeq + N1 the
following mesh-dependent norms:

N . 1/2
Esp(n) = {253/}“ [€2|77/||2L2(1i)+|77|%2(1i)}} ) (3.11)
N 1/2
Pi
Esp,o(n) = {Z 6ip- e |:€2||77/H%oc(1i) + ||77||2L°°(Ii)}} ) (3.12)
i=1 v
N
. 1 —1/2 1/2
EG.d(Nreg,NBL) = mln{{z ﬁ”di /77||%2(11-)} ;
o1 Pi
MregllL2(@) +€ " 7lInBLllL2(0) (- .
19 egllz2c0) + =2 npLllza) } (3.13)

Let us finally note the following standard inverse estimates (cf., e.g., [13]).



Lemma 3.4. Let I; € T be an interval of length h; and b; be given by (1.10). Then for all polynomials
mp of degree p € IN there holds for some Cq > 0 independent of p, h

p
Vbl ary < Qﬁgllﬂpﬂw(ma ITpll L2y < CapllV/bimpll 2 (rys
2p
[0imy | 221,y < ;II\/ZZW;HLZ(A),

2
P p+1
ol L2,y < Qﬁh—illﬂpllw(m, 17l Lo (1) < N 17pllL2(1r)-

For brevity of notation in some of the proofs, it will be convenient to use the following shorthand: For
functions v and elements I; C 2 we write

1 = llullzzmy, ull oo := [Jull L (o), [[ull == llull2(0)- (3.14)

3.2 Error estimates in the Energy norm and in the mesh-dependent norm
3.2.1 Stability of the SDFEM

We start by showing that the bilinear form Bsp of (1.12) is coercive if the weights (p;,d;)Y; are of the
form (3.3):

Theorem 3.5. Assume that the weights (p;, d;)N., are of the form (3.3). Then there holds

(1 —do/S)ullép < Bsp(u,u) — Yu e SEH(T).

Proof. We will only prove the “bubble-stabilized” case (i.e., d; = b;)—the “L?-stabilized” or the general
case begin analogous. For u € Sg’l(T) we obtain with the Cauchy-Schwarz inequality, the inverse
estimates of Lemma 3.4 and the fact that 0 < d; < 1:

sz/ i(Lew)(au’) do = sz/ —edu” av’ dx +pi/ di(au)? derpi/ diabu'u dz

— Ii I-; Ii
2p
> Z Epig-
i=1

\/_ / 2\/_]7
d;au
N
112
> —cdillall<[lW[17, + pi
i=1

u 1, TP

Vdiau v lull?

pi I
5,\/5IIGIIL°°HbHL°°
g

. i
i

Recalling from the proof of Proposition 1.2 that
N
Be(u,u) =Y ellu'[l7, +]lull,

i=1

we obtain a lower bound for Bgp(u,u))
. 2
Bsp(u,u) > min {1 - &ollaf e, 1 = ov2al e bl /7 el

and the claim of the theorem follows by the definition of d; in (3.4).



3.2.2 Consistency of the SDFEM

Theorem 3.5 guarantees that the SDFEM formulation (1.11) does have a unique solution ugp. For the
error u. — ugp the following estimates hold true (Note that the case p; = 0, i.e., the case of a pure
Galerkin FEM is not excluded):

Lemma 3.6. let T be any mesh. Then there is a constant C > 0 such that the following holds: For the
“bubble-stabilized” SDFEM (cf. Definition 3.1) and any admissible splitting in the sense of Definition 3.3
there holds:

(1= 8o/8)llelllsp < CK [Inlll + g aliees, 152) + Esn(n)]. (3.15)

where the constant K > 0 depends only a and b and is given in (3.17). For the “L?-stabilized” SDFEM
(¢f. Definition 3.1) and any admissible splitting there holds for some C' > 0 depending only on a and b:

(1= do/6)lllelllsp < C' Il + Ec.aliregsnsr) + Esp(n) + Esp.oc()]- (3.16)

Proof. Let us begin with the first estimate, the “bubble-stabilized” SDFEM. Let up = tyeg,p + uBL,p be
any admissible splitting in the sense of Definition 3.3. The orthogonality (3.7) gives

BSD (6, 6) = BSD(% 6).
By Theorem 3.5, we obtain therefore
(1= d0/50)llelllsp < Bsn(e,e) = Bsp(n,e) =
N
{s/ n'e dx Jr/ bne da:} + {/ an/edx} + sz/ d; (Len) ae’ dx
Q Q Q i=1 I;

=: 51+ 59+ 53.

Let us estimate each of these three terms. We immediately have

151] < max {1, [[bl| o</} [l el < CE [l llellls o,

where we set K1 := max {1, ||b||r~/v}. As e(£1) = 0, an integration by parts yields for Ss

ng/an’edx:—/a'nedac—/nae'dw.
Q Q Q

Hence, we obtain for Ss

N
’ —1/2 1 } 172 41/2, 1
5] < |a|oo|n||e||+§(||di n|W) ((pi + )20} %ac|1,)
N ) 1/2
_ —1/2
< @[y~ [l |||eIISD+(1+IIa||Loo){Zmlldi "y i} llelllsp
i=1 """
N ) 1/2
—1/2
< CK, ||77||+{Zp,+€|di ni} llelllsp

i=1 """

where we set Ko := max {1, ||a’|| L= /7, ||a|]|L~}. We note that the term in curly braces gives the first entry
of the minimum in the definition of Eg q(Nreq, npr). In order to get the second entry of that minimum,
we estimate S slightly differently: We write n = n,.4 + 71 and integrate by parts to arrive at

Sy = /an;egeda:qL/anj_%ed:r:/an;egedx—/a/nBLedxf/anBLe/dx
Q Q Q Q Q

152 < (llalloor ™ 2Imtegll + 0/ locr™ 2 lmme ) 72 lell + (== 2llall s ) /2|

< CKs (Iyegll + Imsel + == nsell) llellsp.
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where K3 := ([|la||z>~ + [|a||z)/+/7 + |lal][L. This last estimate on Sy gives the second entry in the
minimum defining Eg q(0reg,.nBr). We also note that up to now all the estimates are valid for the
“L2-stabilized” SDFEM as well.

Finally, in order to estimate S3, elementwise integration by parts, Lemma 3.4 and the observation that

|di| < 4/h; allow us to estimate
= ‘/ nda’e da:f/ ndiQaa/e/dxf/ nd;a?e” dx
I; I; I;

/dian'ae/dx ‘/ n(dia2e/)/dx
I; I;

1p, a3~ 2 |lol-
oy = 49! || e + S5 R diae ||z,
R e R L PR e P

A

5/ din"ae’ dx| = ’—5/ ' (dsae’) da :‘—5/ n'd;ae’dac—s/ n’dia’e’dac—zs/ n'd;ae” dx
I; I; I; I; I;

o ol |y, 2elelis

< el [ e s o, IV/dzae'l,.
3
P b Loo ||| 1o
[ dimae'as| < |b|L°°||a||L°°|77|Ii|\/di€'||hSQﬂEMVHUHM@HL
I; 7

Exploiting that &;||b|| = ||al/z~/7 < 1 by (3.4) and setting K4 := max {|a'| 1=, |lal|?«/a, ||| L=/a}, we
conclude with the Cauchy-Schwarz inequality for sums

8ol < cmz(m (pi+2)7"? ¢ i) (pi+2)? el
< CEi(1+lalli=) [Esp(n) +7" 2l | llellsp
< CKy(1+ llallo=) [Bs(m) + linlll llellsp-

Upon setting

K = maX{Kl,K27K37K4(1+ ||a||Loo)} (317)
bl + ||a’|| Lo al|lpe + ||a’|| e all e + [la]|? s
N (T

Nal a

we can conclude the proof of the first estimate.

Let us now turn to the second estimate, the case of the “L2-stabilized” SDFEM. The terms Sy, S»
are estimated as above leading immediately to the first two terms in (3.16). The SDFEM term, Ss,
however, is estimated differently now as elementwise integration by parts yield additional terms that can
be controlled by the term Esp. oo(freq, 81). More precisely, we obtain the additional terms

<1+ L+ [lal[ze),

N
22/’1' [”770‘26/HL°°(1i) + 6H77'ae'||Loo(Ii)}
i=1
<2pr“[|\ )
=1 \/_
all2
S 2max {| lL }sz |:H77HL°°(I ) +€||77 HLao(I ):|
N 1/2
+1)% 1
<C 2L_[€2 /200 L 200 } .
- {;pl hi pi+e 17 2o 2y + Mz 1, llelllsp

where we appealed to Lemma 3.4 in the first estimate. As p; = 6;h;/p? for the “L2-stabilized” SDFEM,
the expression in curly braces can easily be bounded by CEsp,«(n)]|le]llsp-

O
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Lemma 3.6 is formulated such that a variety of results may be obtained from it. Let us first show that
in the case of smooth solutions, the SDFEM (on a quasi uniform mesh) is half a power of h/p away
from being quasi-optimal. For the h version SDFEM, this is a well-known fact; the following corollary
therefore extends this fact to the p version with quasi-uniform meshes:

Theorem 3.7. Let T be a quasi-uniform mesh with mesh width h and let (p;,d;)}.; be the weights of a
non-degenerate “bubble-stabilized” SDFEM (cf. Definition 3.1). Let u. € H*(Q), k > 1, be the solution
of (1.1). Then there is C > 0 independent of €, h, p such that for the solution usp of (1.11) there holds

) Bl /RN 206D .
[lue —usplllsp < C 5"'; ; HUEHHk(Q)-

Proof. Let us choose a particular admissible splitting as follows: Set tyeq = ue, upr, =0, upr,p = 0 and
let uyeq,p be an interpolant of u. satisfying

h k—1 / h k
7 —1/2 7
(e — wregp) llz21y < C (5) laclams 172 — wrepp) 220y < C <5> et

(3.18)
for some C' > 0 depending only on k. Such an interpolant exists, cf. [13]. We obtain therefore from
Theorem 3.6

[lue —usplllsp < llnlllsp + llelllsp < lnlllsp + Clllnlll + Eq.a(nreg, 0) + Esp(n)] - (3.19)

Using Eg 4(1req,0) < S (pi +&) " H[V/dinregll7, and observing that (3.5) implies the existence of C' > 0
depending only on ¢, d of (3.5) such that

1
pit+e

1
pi + ¢

P 1
C— <= 3.20
- h; ’ ¢’ ( )
we obtain the result by inserting the estimates (3.18) on 1 = fyeg = Ue — Upeg,p in (3.19).
O

In the presence of boundary layers, Lemma 3.6 allows us to take advantage of the freedom to choose among
all admissible splittings. In particular, for meshes that “contain” the two-element mesh of Definition 2.2,
we may use the splitting of Lemma 2.4 to obtain robust exponential convergence of the hp-SDFEM as
well as the hp Galerkin FEM:

Theorem 3.8. There is kg > 0 depending on a, b, f such that following holds. Assume that there
is ¢ > 0 such that for each p € IN there is k € (0,kg) with kp > ¢ such that the mesh T satisfies
Sg’l(ﬁ_,,tp) C Sg’l(T). Assume furthermore that the weights (p;,d;)N., fall into one of the following
three categories:

(i) The pure Galerkin FEM, i.e., p; =0 fori=1,...,N;

(ii) the non-degenerate “bubble-stabilized” SDFEM (cf. Definition 3.1);

(iii) the non-degenerate “L?-stabilized” SDFEM (cf. Definition 3.1).
Then the solution ugp of (1.11) exists and there are C, o > 0 depending only on a, b, f, ¢, and dy, &),
(and on ¢, § of (3.5) in the cases (i), (i) such that

OKD

llue —uspll| < Cpe”
Proof. For any splitting in the sense of Definition 3.3 we can estimate

llue —usnlll < l[lnlll + Illellls p

and then apply Lemma 3.6. For case (i), the case of the pure Galerkin FEM, we observe that Esp(n) = 0
for any admissible splitting. Using the splitting u. = Ureg,p + uBr,p of Lemma 2.4, we can bound

—1/2

11l + Ec.a(ireg: nsr) < Il + gl z2) + € lnsellza@



12

and therefore the claim of the theorem follows from Lemma 2.4 and Lemma 3.6 and the fact kp > ¢/. For
cases (ii) and (iii), we first note that the non-degeneracy condition (3.5) implies the existence of C' > 0
such that

Esp(n) < Cp*Esp,eo(n),

where o = 1 for case (ii) and a = 2 for case (iii). Next, we have

Pi . .
< 1, i/ € SC 17hz €
< min {1 pi/e} < Cmin {1, hi/e}

so that we can estimate

N 1/2
Esn(n) + Espe(n) < (1+ Cp%) <me{1,m/e} 3wy + ||n||ioo<m}} -

i=1

Using now the fact that xkp > ¢’ > 0, we obtain the desired result by appealing to Lemma 2.4.

3.3 L*® bounds

Let us finally show that in this one-dimensional setting, robust estimate in the L°° norm easily be
obtained. We begin with the following

Lemma 3.9. Let T be any mesh. Assume that the weights (p;,d;)., corresponend to either a non-
degenerate “bubble-stabilized” or a non-degenerate “L?-stabilized” SDFEM. Then there is C > 0 depend-
ing only on ¢, §, a such that for alln=1,...,N

HU’HQLOO(—I,zn) < Cnp (Z pz-p“llx/djau’llizm + 5||U/||2L2(1i)> Vu e S§H(T),
1=1

where a = 1 in the case of the “L?-stabilized” SDFEM and and o = 2 in the case of the “bubble-stabilized”
SDFEM. In particular, we have

« 2 )
lulZe(@) < NP lulllsp  Yu e SPHT).

Proof. For any = € (—1,1,), u € S»'(T) we write

. n n 1/2
1/2
fue)] = \ / 1u’<t>dt\ <SR e < \/ﬁ{zhinu’n%z(m} |
- =1 =1

In the case of “bubble-stabilization”, the assumptions and Lemma 3.4 allow us to conclude that

hi”u/H%Z(h) < c€p|lu;|\%2(1i) if hy < cep
c .
hz'”u/H%z(]i) < pi—gdzg ||\/diau’||%2(m if hy > cep
and the result follows from these estimates. We may proceed similarly in the case of “L?-stabilization”.

O

Remark 3.10. It should be noted that no term involving |lu||z2(;,) appears on the right hand side of
the estimates in Lemma 3.9. One can make use of this observation to get L> bounds in the special case
a=1,0=0.

Lemma 3.9 allows us immediately to obtain robust convergence in the L*> norm for the SDFEM if the
mesh “contains” a small element of size O(ep) in the boundary layer:
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Proposition 3.11. Let the assumptions of Theorem 3.8, (ii) or (iii) be satisfied. Then there are constants
C, 0 > 0 such that
[ue — usp|l (o) < CVNpT/2e=7"P

Proof. We use the splitting of Theorem 3.8, (ii) (resp. (iii)) and write |[uc — usp||r~() < [7llL=) +
llell Lo (). The term ||][ze(q) can be estimated using Lemma 2.4 and |le||L~(q) can be estimated by

Cp*/?VN||le|||sp using Lemma 3.9. Upon checking the proof of Theorem 3.8, we notice that in fact
llelllgp < Cp*e~?"P and thus the desired result follows.

O

Let us conclude this section with a proof that also the Galerkin FEM leads to robust exponential
convergence in the L norm, if a true “two-element mesh” is used:

Lemma 3.12. Let kg be given as in the statement of Lemma 2.4. Then for each k € (0, ko) there are C,
o > 0 such that for the meshes Ty cp of Definition 2.2 there holds for the Galerkin solution ug

lue — ugl|Loe (@) < Cpe™ 7P,
Proof. For the splitting of Lemma 2.4 we have
[ue = uspll=(e) < llell(@) + 0l (@)

We note that ||| (o) can be estimated in the desired fashion by Lemma 2.4. For ||e||z(q) Wwe consider
the two elements Iy = [—1,1 — kpe|, I = [1 — kpe, 1] separately. On the large element Iy with hy > 1,
we have by Lemma 3.4 and Theorem 3.8

p+1 _
lellL2(n) < Cp|llelll < Cpe™"".

oo <
||e||L (I) = \/h_l

On the small element I2, we exploit the fact that e(+1) = 0 and obtain

lellzmrsy < VAl ey = (kp) 212y < Clrp) /e,

3.4 Remarks on the choice of the weights

In our analysis of the “bubble-stabilized” and the “L?-stabilized” SDFEM we assumed that the factors
pi were of size O(h; /p) or O(h;/p?) as suggested by the inverse estimates of Lemma 3.4. For the “bubble-
stabilized” SDFEM, this choice maximized the power of h/p for smooth solutions (cf. Theorem 3.7).
However, if small scale features like boundary layers are not resolved, then stabilization of the scheme
can be more important than maximizing the exponent of h/p for smooth solutions: In the case that
the layer cannot be solved, Section 4 provides numerical evidence that the proper amount of “extra
stability” can dramatically improve the convergence on compact subsets upstream of the layer. In this
subsection we therefore want to show briefly that other choices of the weights (p;, d;)XY; than those of
(3.3) are possible. These other choices lead to more stable methods in the sense that the bilinear form
Bgp is coercive in a stronger mesh dependent norm than the one used so far. We illustrate this for the
“bubble-stabilized” SDFEM—similar results can easily be obtained for the “L2?-stabilized” SDFEM.

For some fixed ¢ € (0,1) and dg < 1/||al| o (q), choose pg such that

18117 < (2
-9 )Po

o > 0. (3.21)

Let (p;)., C [0, po] satisty with Cy of Lemma 3.4

2v/2p
h;

pi—— < doif
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e
2V/2C 0" < " > < q pi < poelse(3.22)Then we have the following stability result:

Theorem 3.13. For the factors (p;)I, satisfying (3.22) the bilinear form Bgsp based on the weights
(pi,bi)N, satisfies the following: There is C > 0 depending only on a, b, and q, &y, po such that

Clllull§p < Bsplu,u)  Vu € S§™(T).

Proof. For u € S} 1(T) we obtain with the Cauchy-Schwarz inequality

sz/ i(Lew)(au') do = sz/ —ed;u au’ dx +pi/ di(au')? dx +pi/ diabu’u dz

I; I; I;

blI2 .
"I+ pi <1 - PzM> H\/ dz‘aul
I; 2y

-y —epi2v2 |1
i=1 ¢

2Hb|\2w o

I_+pz-( — pollbllFoe ey (27) )Hfau

.yl
L 2 Li

N
> —ep VI |r, | Vdiaw!
i=1 v

We estimate

EPiQ\/_h—i
5012\/_,71,

! I; \/d_iau/”h

piqllv/diau'||3, if (ep?/hi) 2v2Caa™! < ¢

<
< &dillalloollu/IIF, else.

Recalling from the proof of Proposition 1.2 that B (u,u) > SN, el|u'l|7, + y||lull7,. we obtain a lower
bound for Bgp(u,u))

B (u,u) > min {18 flall, 1 = polbl3 =)/, 7/2} Iullp (3.23)

O

Theorem 3.13 shows that, in order to obtain a coercive bilinear form Bgp, a restriction on the factors
pi to be O(h;/p) has to be placed only for those elements where h;/p* = O(¢); if h;/p? >> ¢, then the
factors p; merely have to be bounded. Essentially this means that for very small values of ¢ (relative to
hi/p?), any choice of the factors p; leads to a coercive bilinear form Bgp. The choice p; = O(h;p~®) for
various « € [0, 2] will be studied numerically in Section 4 ahead.

Remark 3.14. Let us finally point out that the bilinear form of a “bubble-stabilized” SDFEM in the
sense of Definition 3.1 has a coercivity constant that is robust with respect to the size of the function b.
For example, if an implicit Euler scheme for the problem

us + Leu = f, u(£1)=0 (3.24)

is considered, one has to solve in each time step an elliptic boundary value problem of the form

—EUpq +auy,  + <b+ At) Upt1 = [+ A_t (3.25)

We notice that the differential operator on the left hand side is of the form considered in this paper with
a modified coefficient for the reaction term: ba; := b + A%:. We observe that for At — 0

_ _ b oo
loadli= =0, =0, P2z o)
YAt
and hence that ), of (3.4) and K of (3.17) can be controlled uniformly in At. For the choice of weights

(3.22), estimate (3.23) shows that one needs to control po|/bat||2 /ya: Which entails a strong coupling
of the step width At and the size of the weights p;.
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3.5 Thecasea=1,b=0

So far, we assumed we assumed v > 0. As our numerical examples include the case a = 1, b = 0, we state
here the approximation results corresponding to Theorem 3.8. Theorem 3.15 can be proved in the same
way as Theorem 3.8; for the proof of Theorem 3.16 we refer to [10]. We assume that the factors ¢; now
satisfy

Theorem 3.15. Let a =1, b =0 and let the assumptions of Theorem 3.8, (ii) or (iii) be given but that
the factors 0; satisfy (3.26) instead of (3.4). Then there are constants C, o > 0 such that

[|ue — uspll| < Cp2e™"F,  |luc — usp||z=) < CVNp/2e=7"P,

For the pure Galerkin method, we have

Theorem 3.16. Let a = 1, b = 0 and let the assumptions of Theorem 3.8, (i) be given. Assume
additionally the mesh restricted to (—1,1 — kpe) is quasi-uniform and that p > 2. Then there are C,
o > 0 such that the pure Galerkin solution ug satisfies

lfue = ugl| < Ce™.

4 Computational Experiments

In this section, we illustrate our theoretical findings with numerical examples. Our aims are

1. to illustrate the theoretical results obtained above, in particular the ability of the Ap-FEM to resolve
very narrow fronts and layers, leading to the asymptotic exponential convergence with few degrees
of freedom;

2. to compare hp-SDFEM and hp-Galerkin FEM in the preasymptotic phase, i.e., if the small scales of
the solution are not resoled. In particular, we will see that the appropriate choice of mesh sequences
lead to robust exponential convergence on compact subsets for the hp-SDFEM. Furthermore, we
will study numerically the optimal choice of the weights p; in the pre-asymptotic regime.

We consider two types of problems, the boundary layer case (a > 0) and the case of a turning point
problem which satisfies the crucial assumption (1.4).
4.1 The boundary layer case
We consider for a, b € R the problem
—eu” + au' + bu = e“*, u(£1) =0. (4.1)

The exact solution has a boundary layer at the outflow boundary x = 1 and is given by

u(z) = up(z) + e (12 4 ger2(1=2) (4.2)
where
up(z) = —————¢
0 —ew?4aw+b
—2b va? + 4b
Moo= — = 0(1), Ay = a+va®+4be O™,
PRV e 2

c = (1 — 62()\1_/\2))_1 =0(1),
c (u0(1)6_2’\2 - uo(—l)) =0(1), B=c (uo(—l)e2A1 - uo(l)) =0(1).

Note that both |Juc||z2(q) and v/e||ul||12(q) are O(1) independently of €. In our numerical experiments,
we will always choose w =1, a = 1. We use b = 0 in Sections 4.1.1, 4.2.1 and b = 1 in Section 4.2.2.

(67
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4.1.1 Global SDFEM performance

We consider the model problem (4.1) for @ = 1, b = 0, w = 1. We present numerical results for a
“L2%-stabilized” SDFEM, where the weights are of the form (p;, 1), with

1. .
pi = ghiif
ep?/h; < i 0 otherwise.
Weremarkatthispointthatthischoiceofthe factors

p; was made to illustrate our claim on robustness in Section 3.4. We report, however, that the numerical
results are very similar for the choice (p;,b;)Y; as well as for the “L2-stabilized” and the “bubble-
stabilized” SDFEM in the sense of Definition 3.1.

In our first series of numerical experiments, we resolve the boundary layer with the two-element mesh of
Definition 2.2 with & = 1, i.e., T1 ¢ p. Fig. 2 compares the behavior of the Galerkin and the SDFEM in the
L? norm and the energy norm |||-||| (which is \/Z| - |1 () for e = 10~8 where p ranges from 1 to 27. The
theory of Section 3.5 yields robust exponential convergence in the energy norm for the SDFEM as well as
the Galerkin FEM on this two element mesh. This exponential convergence is visible in the right figure
of Fig. 2. Furthermore, for the SDFEM, we have robust exponential convergence in L>° (Theorem 3.15)
and thus in L? (cf. the left figure of Fig. 2); we also observe robust exponential convergence in L? for
the standard Galerkin FEM, Fig. 2. We note that the qualitative behavior of the schemes is comparable
although the error of the Ap-SDFEM is slightly smaller than that of the Galerkin FEM for this problem.

We conclude that the two-element mesh scheme is able to resolve the boundary layer at the outflow
boundary and that no stabilization is required in this case.
Our next experiment is geared towards getting insight in the behavior of the Galerkin method and the
“L2-stabilized” SDFEM, if the boundary layer has not been resolved. To that end, we consider the
performance of the p version on a uniform mesh with h = 0.5 (i.e., 4 elements). Here, p ranges from 1 to
27 and £ = 10~*. The weights are given by (p;, 1), with

1N
Pi 4 p2 :
Fig. 3 shows the behavior in the L? and the energy norm |||-|||. The error in the hp-SDFEM is considerably

smaller than that of the Galerkin method, but the rate of convergence of the SDFEM is very poor also—in
the energy norm, no convergence can be observed!

Finally, Fig. 4 shows the performance of a uniform mesh (h = 0.5) augmented by one small element of
size ¢ in the outflow boundary layer (i.e., the mesh given by the nodes {—1,—0.5,0,0.5,1—¢,1}). As to
be expected, inserting one small element of size ¢ greatly alleviates the problems of the standard Galerkin
method (cf. Corollary A.6 of [10] for a detailed analysis). Comparing Fig. 3 with Fig. 4, the error of
the Galerkin FEM is reduced by two orders of magnitude. Nevertheless, both the Galerkin method and
the SDFEM yield poor rates of convergence as the p version on a mesh with one small element of size
€ in the layer cannot resolve the boundary layer properly. Hence, comparing the results with those in
Fig. 2, we see that the proper element length ep in the boundary layer is essential for the boundary layer
resolutions as well as for exponential convergence.

4.2 Local p-SDFEM performance — pollution control

The conclusion of the preceding section is that both Galerkin FEM and SDFEM perform similarly if the
small scale boundary layer is resolved; if the layer is not resolved, then one cannot expect convergence of
either method in the global L? norm and energy norm. In the context of the h version, it is known that
the SDFEM performs much better on compact subsets upstream of the layers (cf. [7]). One can therefore
view the stabilization of the SDFEM as a means to controll pollution. Similar results can be observed in
a p-version context as well as we will show now.
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-1 0 1
p=1 | | | :
p=2 : l —t
p=3 I I —
p=4 | ; ——+

Figure 1: sequence of meshes generated by successively halving rightmost element

4.2.1 Local SDFEM performance on geometric mesh sequences

We want to show here that the hp-SDFEM leads to robust exponential convergence on compact supsets if
an increase of the polynomial degree is combined with a mesh refinement towards the layer. We therefore
consider the following scheme: For g € (0,1) let

po € N  be the smallest integer s.t. ¢"° < poe

and let for each polynomial degree p a geometrically refined mesh with p layers be given by the points

{7171517q1|1:077m1n(p7p0)} (43)

On such meshes, we will consider as trial spaces the space S5 (T) (cf. Fig. 1). We note that such mesh
sequences would typically be generated by adaptive schemes that locate and try to resolve the layers. It
can be shown using ideas of [7, 18, 19] (cf. [10] for the details) that the “bubble-stabilized” hp-SDFEM
converges robustly and exponentially on compact subset of € for such mesh sequences:

Theorem 4.1. Leta=1,b=0,q € (0,1), £ € (—1,1) be fized. Forp € IN consider the meshes T defined
by the nodes (4.3). For a non-degenerate “bubble-stabilized” SDFEM in the sense of Definition 3.1 there
are constants C, o > 0 independent of €, p such that

ue —uspllai(-16 < Ce”™?, p=1,2,...

The following numerical experiments are performed for both the “L2-stabilized” and the “bubble-stabilized”
SDFEM. The refinement factor ¢ is chosen as ¢ = 1/2 and the weights (p;)Y_; are given in both cases by

1h;.
Pi = Z;Zf
e < i% 0 otherwise. (4.4)

Again, we point out that choosing the factors (p)X.; as O(h;) or O(h;/p?) leads to qualitatively similar
numerical results. For ¢ = 1078 and p going from 1 to 22 Figs. 5-8 show the performance of the “L2-
stablized” and the “bubble-stablized” SDFEM in comparison with the Galerkin FEM. Figs. 5, 7 depict
their behavior in global norms (L? and energy norm) whereas Figs. 6, 8 show the relative error (measured
in the L? and H! norm) in the first element I; = (—1,0). Figs. 5, 7 illustrate once more that both Galerkin
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FEM and hp-SDFEM do not lead to convergence in the energy norm until the layer is resolved, that is,
q° ~ ep (for ¢ = 0.5 and ¢ = 1078 this happens for p ~ 22). The behavior of the Galerkin FEM is,
however, completely different from that of the hp-SDFEM if the error on the first element I; = (—1,0) is
of interest (cf. Figs. 6, 8). The Galerkin FEM is highly prone to pollution: The local error in I; cannot
be controlled until p is so large that the smallest element in the layer has width ¢P =~ pe. In contrast to
this, the SDFEM is pollution-free as robust exponential convergence on the compact subset (—1,0) can
be achieved according to Theorem 4.1 and in fact is visible in Figs. 6, 8. It is noteworthy, however, that
the local behavior of the “L2-stabilized” SDFEM is strikingly superior to that of the “bubble-stablized”
SDFEM (cf. also Section 4.2.2 ahead for a comparison of the local performance of the two stabilization
schemes).

4.2.2 Impact of weights p; on local performance of SDFEM

We have seen in Section 3.4 that especially for very small values of € (relative to h;/p?) other choices for
the weights p; are possible than those given by inverse estimates. In the present section, we will explore
these possibilities numerically by studying the performance of the p-version of the SDFEM on compact
subsets in dependence of the choice of the factors (p;).;. To that end, we consider the model problem
(4l)fora=1,b=1,w=1

For exponents a given by
a=0, a=025 a=05 a=1 a=15 a=2,

we define the factors (p;)Y; as

1
“hip~©, 4.
1P (4.5)

Pi =
We consider both the “L2-stabilized” SDFEM with weights (p;, 1)X¥.; and the “bubble-stablized” SDFEM
with weights (p;, b;)XY;. Our experiments were performed on a fixed uniform mesh with 4 elements (i.e.,
hi = 0.5) for e =2-1073 and € = 1078, In Figs. 9-12 we report the relative error in the H' semi norm
on the first element (—1,—1/2) as a function of the polynomial degree p for these various cases. For
comparison purposes, the corresponding performance of the pure Galerkin method is also included. We
mention here that the results using the L? norm instead of the H' semi norm on the first element are
qualitatively similar.
Let us consider the case of “L2-stabilization” first (cf. Figs. 9, 10). We notice a great variation in the
performance as the exponent « varies. The choice of @ = 0 (i.e., p; is independent of p), although yielding
fairly accurate solutions, does not seem to lead to a convergent method. If 0 < o < 1.5, then the SDFEM
seems to converge exponentially on (—1, —1/2) with « = 0.5 being the optimal choice for both “large”
values of € (¢ = 2-1073) and small values of € (¢ = 1079)).
In the case of “bubble-stabilization” (cf. Figs. 11, 12), the difference in performance between the different
choices of « is less pronounced as in the “L2-stabilized” scheme, i.e., the method seems to be more robust
with respect to the choice of the weight. However, the “bubble-stablized” SDFEM is far less accurate
than the “L2-stabilized” SDFEM.

4.3 Turning point problems

Let us now consider a problem with a turning point at x = 0. We consider

—eul 4+ aru. +u. = 1 on(-1,1), a==+1, (4.6)
w(+l) = 0. (4.7)



19

In the case a = 1, the exact solution has boundary layers at both endpoints +1; for a = —1, the exact
solution exhibits an internal layer at the turning points x = 0. The exact solutions are given by

us(r) = 1—exp{(x? —1)/(2¢)} for a =1, (4.8)
ue(x) = 1fcxerf(:c/\/%) —V/2/mev/eexp {—x?/(2¢)} for a = —1, (4.9)

(erf(1/\/£)+ 26/7Texp(—1/(2€)))_1z1 for small e,

o
I

2 x
erf (z) = \/_E/o exp (—t?) dt, erf(x) =1 for x — oo.

Equation (4.6) satisfies the crucial assumption (1.4) and upon checking the proof of Theorem 3.6, we see
that the fact that the coefficient a is a polynomial allows us to modify the arguments as to accomodate
the case of (4.6) as well. We consider the “L2-stabilized” SDFEM with weights (p;, 1), where

The solution given by (4.8) (i.e., the case a = 1) has two boundary layers at both endpoints with length
scale O(e). The structure of the boundary layers is essentially of the form analyzed in Section 2 so that the
approximation results with the “two-element” meshes introduced there apply. In fact, a “three-element”
mesh consisting of two small elements of size pe at the boundary points and one large element in the
middle (that is, the mesh is given by the points {—1, —1+pe, 1 —pe, 1}) is well-suited to resolve the layers
in both the Galerkin as well as the SDFEM (cf. Figs. 13 where ¢ = 107%).

In the case @ = —1, the solution is given by (4.9) and has an internal layer of width O(y/€). Again,
the “two-element” ideas of Section 2 can be applied successfully for the approximation of the internal
layer if at least one element of size O(py/€) is introduced at the turning point x = 0. Figs. 14 show
the performance of the Galerkin FEM and the SDFEM for a “four-element” mesh based on the points
{—1,—py/E,0,p\/E,1} and € = 1078, Although the error graphs do not behave monotonically, the overall
convergence of the “four-element” hp-SDFEM shows exponential convergence rates.
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Figure 2: L? and energy performance of “two-element mesh” for Galerkin FEM and “L2-stabilized”
SDFEM, ¢ = 10~8;
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Figure 3: L? and energy performance of p version on uniform mesh with h = 0.5 for Galerkin FEM and
“L2-stabilized” SDFEM, ¢ = 104
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Figure 9: rel. error in H' semi norm performance on first element (—1, —1/2) for “L2-stabilized” SDFEM
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Figure 10: rel. error in H' semi norm performance on first element (—1,—1/2) for “L2-stabilized”
SDFEM for various choices of p;; e = 1078
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A The case b =0, a = 1: Global Error Analysis

Appendix A is devoted to the analysis of the special case b =0, a(z) =1 for € > 0. The norm |||||| and
the semi norm |||-[|| , are defined as
N
2 2 2 2 2
lalll* = ella/Fay,  Mully =Y pall Vdid 172y, Mlulllep = lall* + 1]l (A1)
i=1

Proceeding as in the proof of Theorem 3.5, we obtain the following stability result:

Theorem A.1l. Assume that the weights (p;,d;)N., are of the form (3.3) with the condition (3.26) re-
placing (3.4). Then there holds

(1= o)ll[ulll2p < Bsp(u,u) — Yue SHHT).

Due to the fact that energy norm |||-||| completely degenerates as e — 0, the analysis of the Galerkin FEM
is more delicate than that of the SDFEM, and different analyses for these two methods are necessary.
The different behavior of the two methods can be seen already in the following a priori bounds.

Lemma A.2. Letb=0,a=1, T be any mesh. Assume the hypotheses of Lemma 3.9. Then there is
C > 0 such that the SDFEM solution ugp satisfies

llusolllsp < CVNP2| fll2@), luspll L) < ONP?|| fll2()-
In the case of the pure Galerkin method, we have
lfucll < Ce 2 fllL20).

Proof. The estimate for the Galerkin method is standard. For the SDFEM, we have by Theorem A.1
and the orthogonality relation (3.7)

(1 —60)|luspllzp < Bsplue,uc) = Fsp(usp) < || fllr2) VNP *||lusp|llsp

by Lemma 3.9. Applying again Lemma 3.9 yields the estimate for ugp.
O

Remark A.3. The factors VN, p?/2, p® in the estimates may not be optimal; however, the main point
of the estimate on ugp is that it is independent of € in contrast to the estimate for ug. The factor e~1/2
in the Galerkin estimate seems to be optimal from computational experiments (cf. Figs. 3, 5).

A.1 The SDFEM
Using the same techniques as in the proof of Theorem 3.6, we obtain

Theorem A.4. Let a = 1, b = 0. Assume the weights (p;,d;)N., are of the form (3.3) with (3.26)
replacing (3.4). Then there is C > 0 such that for any mesh T and any admissible splitting in the sense
of Definition 3.3 there holds:

1. In the case of the “bubble-stabilized” SDFEM (cf. Definition 3.1) there holds
(1= 60)llells < O {1l + Boalires) + = 2nselza + Bsn(m -
2. For the “L?-stabilized” SDFEM (cf. Definition 3.1) there holds

(@ = )llellsp < C{Inlll + B alneeg) + <™l + Esn(n) + Esp ool }
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Here
N N 1/2
Eg.a(n) = {Z(m + 5)1||\/d_i77||2L2(Ii)} -
i=1

The first estimate of Theorem A.4 allows us to conclude that Theorem 3.7 holds for the case a =1, b= 0
as well. We can also obtain from Theorem A.4 robust exponential convergence if we consider meshes that
“contain” the “two-element” mesh of Definition 2.2 under the assumption that the weights p; satisfy the
non-degeneracy condition (3.5):

Corollary A.5. Let the hypotheses of Theorem A.j be satisfied and assume additionally that the “non-
degeneracy” condition (3.5) holds. Let ko be given by Lemma 2.4. Assume that for some k € (0, ko) the
mesh T satisfies S5 (Tz.xp) C S2(T). Denote by usp the SDFEM solution of (1.11). Then there are
C, 0 > 0 depending on k, §, oy, and f, such that

||ue — uspl|| < Ce™P, [ue — uspl|pe(0) < CVNe P

Proof. Use the splitting of Lemma 2.4 to obtain the energy norm bound and invoke Lemma 3.9 for the
L> bound.

O

A.2 The Galerkin FEM

We consider now the case of the Galerkin FEM, i.e., all p; vanish. Corollary A.5 does not cover this case
as the non-degeneracy assumption (3.5) was instrumental in controlling the term Eg q(7)req) robustly
in e: For the pure Galerkin FEM, this term will introduce an additional factor of e~'/2 in the final
estimate. The aim of the present section is to show that a more refined analysis allows us to obtain
robust exponential convergence in the ‘energy norm’ |||-||| for the Galerkin FEM as well.

The analogue of Corollary A.5 reads

Corollary A.6. Assume the same hypotheses as in Corollary A.5. Let ug be the Galerkin solution of
(1.11) with b =0, a = 1. Then for each k € (0, ko) there are C, o >0

N 1/2

i=1
Remark A.7. Corollary A.6 gives robust exponential convergence in the energy norm |||-||| for the
Galerkin method for the “two-element” mesh. (h; = O(1), ha = O(pe)). This robust exponential
convergence is indeed observed in the numerical experiments of Section 4.
In order to prove this theorem, we need two lemmata, the first of which is standard.
Lemma A.8. Letu be analytic on Q = [~1,1]. Denote P, ;, the L* projection of u onto I1,,(I;), the space
of polynomials of degree p € INg on I;. Then there are constants C', o > 0 such that for each element I;
ce Ph2?7 1=0,1,
Ce™Ph,. (A.2)

I (w—Pyr,w)? |2y <
v = PprllLer) <

Lemma A.9. Let u be analytic on Q = [~1,1]. Then there are C, o > 0 depending only on u such that
the following holds. There is u, € SPX(T) with u(+1) = u,y(+1) and

/Q(u —up)v' dx

w—1up) O 2y < CeoPpl/27
P (I3) 7

< Ce PR 2y Vo € SPH(T),

., 1=0,1.

Here Iy denotes the last element abutting on x = 1.
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Proof. Denote L; the jth Legendre polynomial normalized to L;(1) = 1. Writing m; = (z,-1 +;)/2, we
set L;j(z) := (—=1)7L;(2(x — my)/h;), i = 1,..., N. First, choose a discontinuous approximation of u by
polynomials of degree p — 1 on all elements

Up—1,; = Pp_1,1,0, 1=1,...,N.

Note that fI(u — ap_l,i)Zij der = 0 for j = 0,...,p — 1. Correct the inter-element discontinuities
inductively by setting

a; = u(=1) —up_11(-1), Uplr, = Up—11+ 041;[?11,,
o = Uplr, (Tic1) — Up—1,i(Tiz1), Uplr, == Up—1,+ aiLig, 1=2,...,N—1,
ay = Uplry_, (*n—1) = Up_1,N(TN-1), Uplry = Up—1,N +anLn,+1(z),
@) = (1) = Gpan (1) - anDny(1)) B

We observe that u, € SP1(T) and that u,(£1) = u,(£1). Furthermore, by the orthogonality of the
Legendre polynomials, we still have for all elements but the last one

u—u Zld.’ﬂ: u—ﬂ_liii-d:ﬁ—ai zizi‘dwzo, jZO,...,p—l, iZl,...,N—l.
P J p—1, J Py
I .

i 2 i
Hence, we conclude

/ (u—up'de =0 YoeSPYT).
Q\IN

This yields

/Q(u —up)v' dx

Let us now analyze the difference u — u,. As |L;,| <1 and

< H“_Up”L?(IN)HUI”L?(IN) Yv € SP’I(T).

/ (u—up)v' dx

In

o = (Up|IH (i-1) — U(%’—l)) +(U($i—1) - ap—l,i(xi—l))a i=2,...,N,
we obtain with Lemma A.8
|CY1| S Ce_aphl
lail < lu—upllpee(r,_y) + Ce™Ph;
< Ce_"phi—l—Ce_"phi_l—i—|ai_1|, i=2,...,N.
Inductively, we conclude therefore
|| <2Ce™ P "hy <ACe P, i=1,...,N. (A.3)

j=1

This allows us to obtain for (u —up)|r, = (v — Up—1,;) — @;L;p on all elements but the last one:

(w—up) Pl 2y < Ce PR 4oy Cp?h)/>!
< cenP =01, i=1

... N-1 (A.4)

For the last element I, we estimate the linear function I(z) by

11D L2y < (Ce™Phu + an|) > 1=0,1,
and therefore we arrive at
(= up) Dl 2(ryy < Ce™Phy>™ 1=0,1.

This concludes the proof of the lemma.



30

Remark A.10. The element Iy in the statement of Lemma A.9 can be replaced by any non-trivial
contiguous submesh abutting on x = 1.

Proof of Corollary A.6: We restrict ourselves here to the case of interest kpe < 1. For any admissible
splitting in the sense of Definition 3.3 we may use the coercivity (Theorem A.1) and the orthogonality
(3.6) to write

Cllell? < Bg(e,e):Bg(n,e)ze/n’e'dac—f—/n'edwzs/n’e'dw—/ne’dw
Q Q Q Q

by an integration by parts. We split u. = uycq + upr as in Lemma 2.4. upy is approximated by upr p
as in Lemma 2.4; uycg, will be chosen below. On writing n = n,¢q + 751 We conclude by exploiting
[InsLlll < Ce=?, |InsLllr2) < Ce'/2e=oP

|Be(nBL,€)| < Ce” |le]]| -

Let us now turn to B.(7reg,€). To that end, let us construct ¢,eq p as an approximation of u,ey (which
is analytic) as given by Lemma A.9, and we obtain

1/2 &
|B(lregs )] < llmregll elll + Chy e Pelle’ | L2ay).

As hy < kpe we therefore arrive at

|Be (reg, )| < litveg|l llle]] + C(rp) /2= el

Finally, also by Lemma A.9

N N
2 _ €
reg I =D ellthegllzzry < Ce 2‘”2;
i=1 "

i=1

which allows us to conclude the proof of Corollary A.6 by means of the triangle inequality.
O

Under extra assumptions on the regularity of the mesh in the region outside the boundary layer, the
N .
term »_." ; €/h; in Corollary A.6 can be removed:

Corollary A.11. Let kg be given by Theorem 2.4. Assume that for each p € N, p > 2, there is a mesh
T satisfying the following two conditions: (i) For each p, there is k € (0, ko) such that 1 — kpe is a mesh
point, and (1) T restricted to (—1,1 — kpe) is a quasiuniform mesh. (T restricted to (1 — kpe, 1) may be
any mesh.) Then there are C, o > 0 depending only on the domain of analyticity of f and the constant
a such that

llue = ugll < C (e + (kp)V2) e, p>2.
Proof. Let h be the mesh width of the quasiuniform mesh on [—1,1 — xpe]. First, we observe that for
p > 2, we may replace the factor h; in (A.2) by h?. From Remark A.10, we may assume without loss of
generality that the last element Iy = (1 — kpe,1). Then, upon inspection of the proof of Lemma A.9,
we see that we may replace the 3", hy by 5, b7 in (A.3). By the quasi-uniformity of the mesh
restricted to Q\ In, we may estimate 23‘21 h? < Ch and hence all the estimates for the coefficients oy,
t=1,...,N —1 are improved by a factor h. Thus, the estimate (A.4) is improved by a factor h ~ h;. In
the proof of Corollary A.6, the term Zf;l e/h; is due to |||n||l

obtain

reg- nserting these improved bounds, we

N-1 N-1

2 - — _
nllleg = D liegllEaqry + ellnmeglZeyy < Ce™P Y ehi+ Ce*Pehyl.
i=1 i=1

As hy = kpe, the claim of the corollary follows.
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B The case b =0, a = 1: Local Error Analysis

The crucial feature of the SDFEM is, of course, that even if layers/fronts are not resolved the SDFEM
still yields good results in certain parts of the computational domain away from the layers/fronts. In
other words, the SDFEM can be viewed as a technique to control pollution.

Our main focus will be on the analysis of the following meshes which results from an hp adaptive scheme
that locates and tries to resolve layers. As the solutions of our model equation (1.1) have a layer at the
outflow boundary = = 1, an adaptive scheme would create a sequence of meshes that are obtained by
successively halving the rightmost element until the element abutting on the boundary has size O(pe),
i.e., the mesh can resolve the boundary layer. Thereafter the mesh is fixed and merely the polynomial
degree p is increased. We formalize this procedure as follows: Fix ¢ € (0,1). Let

po € IN  be the smallest integer such that ¢P° < poge. (B.5)

We consider meshes 7 with geometric refinement towards the layer determined by the nodes

{7171517qi|i:07"'7min(p7p0)}7 (B6)

and we will consider as trial spaces the space S5'(T) (cf. Fig. 1) On such meshes, the hp-SDFEM
converges robustly and exponentially on compact subsets of €2:

Theorem B.1. Leta=1,b=0, ¢ € (—1,1) fized. Consider the meshes T defined by (B.6). Assume that
the weights are of the form (pi, bi)N., where the factors (p;)N., are of the form (3.3) with (5.4) replaced
by (3.26). Furthermore, assume that the non-degeneracy condition (3.5) holds. Then there are constants
C, 0 > 0 independent of €, p such that

ue —uspllar-1,e) < Ce™, p=12,...

The proof of Theorem B.1 is the object of the remainder of this section.

Remark B.2. We consider here a “bubble-stabilized” SDFEM. This is not essential here. A similar
result can be obtain for the “L?-stabilized” SDFEM and numerically observed (cf. the numerical results
in Section 4).

B.1 Preliminaries

Our analysis proceeds along the lines of [7]. The idea is to obtain estimates in weighted spaces. To that
end, one proves stability in these weighted spaces (Proposition B.5) and then estimates various error
terms (Lemmata B.8-B.10).

Let 7 be a mesh whose elements have lengths h;. Let £ be a fixed mesh point and let A > 0 be a fixed
number to be chosen sufficiently small below. The weights (p;, b;))Y.; are assumed to of the form (3.3)

with (3.26) in place of (3.4). In order to introduce the piecewise linear weight function w?, we need to
introduce the functions v, @ by
0
Ul = i = o (B.7)
w(x) = 1 ife<¢

xXp | —A\ t) dt ifx ;&
ep[ Lw() ] fxot

(B.8)

Remark B.3. A few remarks concerning the properties of 1 are in order. We have i;h; = §; < dg.
Furthermore, (v¥;h;)h;/p = p;, a relation of which we will make use later on. If §; > § > 0 for all 4, then
fg ¥ (t) dt measures (up to a constant) the number of elements between ¢ and x.
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The weight function w? is then finally given as the piecewise linear interpolant of 2.

We note that for all meshes and A > 0 the function @ is Lipschitz continuous on I and satisfies @’ < 0.
Furthermore, on each element I; = (2,1, ;) we have in fact that

O(wim1)/@(x) < e, '@ < Mp@?.
These properties are shared by the piecewise linear interpolant w?:
W' <0 onl, w(@i_1)/w(a) < ero, |lw'w| < Mper® 2. (B.9)
We introduce the following mesh dependent weighted norm
N
Melll§p . = elwn 22y + Ilow' | ullZz i) + Y pill Vs | 220y (B.10)
i=1
We need the following “superapproximation” result:

Lemma B.4. Let (p;,b;)Y, be of the form (3.3) with (3.26) in place of (3.4). There is C > 0 depending
only on &y such that for all A € [0,1], e € Sg’l('r) there is W € Sg’l(T) satisfying

167 2w @ = W)lliary < CMpillVowel L2y, o™ (w?e = W) 2y < CAGlIVbiwe'|| 2.

Furthermore, W can be chosen such that w?e = W at the nodes of T .

Proof. On the reference element (—1, 1), expansion in Legendre series and the orthogonality of the Jacobi
polynomials allow us to estimate for all polynomials é of degree p:

1 — 22)P1e®) ()| da _ept 1 —2?)|€'(z)]* dx
| a-arie@pa < B [ - (B.11)

(see, e.g., [13]). Consider now a fixed element I;. Denote &2, é the functions corresponding to w?, e on
the reference element (—1,1) via the linear mapping. The standard p-version argument (see, e.g., [13])
allows us to construct a polynomial W of degree p such that W (£1) = (&?¢)(£1) and

1japeas 1 ' "2 2
(1 —a?) 2@ = W)||72yy) < W/1(1—$2)p ( 26)(p+1)‘ dzx,

O L[ 2 (4|
@2 =W Iy < gy [ (—a?P[@0 ] do

As &2 is a linear function and é a polynomial of degree p we observe that (w2é)P+1) = (p + 1)(&?) e
and thus by invoking (B.11)

T I ! R
11— )71 2@ = Wiy < 1@ / (=) @) da,
"9 A A p+1, . ! .
I@% = W) lacay < S I@)P / (=) (@) do

(B.9) implies that |(&2)'| < Xe*qp; 202, Exploiting the fact that w is of bounded variation on I; (cf.
(B.9)) we obtain the desired result by a scaling argument.

O
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B.2 Error Analysis

Proposition B.5. Let ¢ > 0 be fired and T be any mesh with the property that h; > ce for i =
, N.Assume the weights (p;,b;)N.; are of the form (3.8) with satisfy (3.26) replacing (3.4). Then
there are Ao, v > 0 depending only on ¢ and dg such that for all0 < X < Ag

Bsp(u,w’u) = yllulllsp,,  Vue S§HT).

Proof. We have

N
Bsp(u,w?u) = 5/ o (W)’ dx —|—/ o (W) do + Zpl/ di(—eu” + ) (w?u) d.
Q I;

2 i=1

We estimate each of these terms separately. An integration by parts yields for the second term

1
/ w'wudr = 5/ (u2)/w2 dr = f/ wrww' dx = || |ww’|1/2u|\%2(9).
Q Q Q

Cauchy’s inequality together with the assumption that h; > ce for all ¢ (implying ve < do/c) allows us
to estimate the first term by

E/U’(wQu)’da@ = 5/ [u'|2w? dac—l—zs/(w?)’uu’dx
Q ) )

1
el sy = [ 120l )+ 7PN [ |

Y

/\50 O|

Y

1
el |22y — [;H |2l g + TeAe 'w“"wm}

for any 7 > 0 which we will choose sufficiently large below. For the SDFEM terms, we estimate, using
the bounds (B.9)

1
sz/ d (w?u) do > szllfwu 1221y — Z [;| |ww’|l/2u|\%2(m +P?T)\€M°¢i||\/d7iwu/|%Z(Ii)}

i=1

for any 7 > 0 to be chosen sufficiently large below. We note that p;1; < §3. Using Lemma 3.4 and again
(B.9) we bound furthermore

N
Zpi/ —dieu” (w?u) dx
i= I;

1 2
<Zspz o [ + 1 |ww’|1/2u||12<m+7< p’”) VA Vo [,
i=1

N

1 d;
<D e(@ie) w32, + —lHww! |2l Fa g, + 07— A lwid |31,
i=1

for any 7 > 0. We obtain the desired result by first choosing 7 > 3 and then choosing A suffiently small.
O

Remark B.6. Checking the proof of Proposition B.5 shows that the result also holds true for A = 0
and that in fact in that case the additional assumption h; > ce can be removed. Hence the result of
Theorem A.4 is contained as a special case.

The stability estimate allows us to formulate the following error estimate for the solution in terms of the
weighted norms [||-[|gp -
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Proposition B.7. Under the assumptions of Proposition B.5 there are A\g > 0, C' > 0 such that for all
A €10, Ao] and for any admissible splitting in the sense of Definition 3.3 there holds

lellép.., < C{|Bsple,w?e —W)| + |Bsp(n,we)| + [Bsp(n,w?e — W)} YW e SI(T).
Proof. This is just an application of the Galerkin orthogonality (3.7)

Wellép., < Bsple,w?e) = Bsple,w?e — W)+ Bsp(n, W)
= Bgsple,w?e — W) + Bsp(n, W — w?e) + Bsp(n, w?e).

O

Lemma B.8. Let T be any mesh and assume that the weights (p;, b)Y, are of the form (3.3) with (3.26)
replacing (3.4). Then there is C > 0 depending only on &g such that for all A € [0, 1]

|Bsp(e,w’e—W)| < CXllel|5p, Ve e SyHT),
where, for each e € SY'(T) the function W € SL'(T) is given by Lemma B.4.

Proof. We write

BSD(e,w2e -W)= 5/

e (w?e — W) dx + /
Q

N
e (w?e — W) + Zpl/ (—ee” +¢€)(w?e — W) dx.

Q@ i=1 i

The first term can be estimated in the desired fashion immediately by invoking Lemma B.4. For the
second term, we also use Lemma B.4 to arrive at

N
<> WVdiwe!
=1

1OV drwe

/ e (we — W)dx
Q

2
1 < CAlllelllsp .-

Finally, for the SDFEM terms we use Lemmata 3.4, B.4, and the bounds (B.9) to get

IN

pilellV/diwe” |1, + |/ diwe' || 1,] CAS; ||/ diwe'|| 1,

Pi

/ di(—ee” +€')(w?e — W) da

I;

IN

2p
O3 [ el e I, + pillae I,

As p;(2p/h;) < 69 we obtain the desired result.

O
In order to formulate the next two lemmata, we need to introduce some weighted mesh-dependent norms
on H'(2) which are analogous to |||-|||, (3.11),(3.13):
/112 ro11/2, 012 2 1o1/2, 7112 1/2
Eu(n) = {ellon/IFa@ + | Wwl nldzq) + el /0 320y}
N 2 1/2
p
Espu() = {3 pitz |wn ey + ol |}
i=1
N 2 1/2
_ p 2
Bowl) = {3 gl

Lemma B.9. Under the same hypotheses as in Lemma B.8 there exists C > 0 depending only on §g such
that for all A € [0,1]

|Bsp(n,w%e)| < Clllellsp o [Eu(n) + Ecw(n) + Espw(m] Ve SyH(T), ne Hy(Q).
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Proof. We start again by recalling that

BSD(n,wQG) = 5/

N
n/(w2€)/ dx + / n/w2e dx —+ Z pz/ di(—sn// + n/)(w2€)/ dr.
Q Q =1 ;

I;
The Cauchy-Schwarz inequality allows us to estimate the first term by

1/277/

ellwn’[| L2y llwe’l| 2y + 2¢]| [ww'| 2@ |l lww'|' %€l L2(q)

which yields the term E, (n)|||e|||sp - For the second term, we integrate by parts and obtain by splitting
the integral into sums over elements and using the Cauchy-Schwarz inequality for sums:

/2 . N 1/2
2
2 P e Pi T €
. we .
Ilpi—i_g} {;” II p2 }

which yields the term (Ey(n) + Ecw(n))lllelllsp,, after an application of Lemma 3.4 and an invocation
of (B.9). Let us now turn to the third term. An integration by parts on the element level gives

N
20| Jow' [l L2y Il o] el L2(s2) + {Z [lwn

i=1

/ di(—en” +1')(w?e) dx

I;

4
<= + allaay | 1Py + WP iz

Observing that w?e’ is a polynomial of degree p, we may invoke Lemma 3.4 to estimate

lw?e L2y < CapllVdiw®e 2y diw?e) 22y < 2p/hall V/diw?e | 2,y

and furthermore make use of (B.9) to arrive at

[ et vty wre da| < Cllat-erf + )l iy 1 IV Aiwoe oy

I;

Hence, we obtain the term Esp,w(n)llle[llsp,,, by using the Cauchy inequality for sums.

Finally, we have the following lemma:

Lemma B.10. Under the assumptions of Lemma B.8 there is C > 0 depending only on dy such that for
all A € [0,1]

|Bsp(n,w’e = W)| < CAllelllsp . [Bu(n) + Eco(n) + Espw(n)] Ve SFHT), n e Hy ().
Here, for each e € SP'(T) the function W € S (T) is given by Lemma B.4.

Proof. The proof is essentially a repetition of the preceding proof and an application of Lemma B.4.
O

Lemma 2.4 made crucial use of the assumption that a “two-element” mesh is a submesh in order to resolve
the boundary layer. In the present context, we cannot make this assumption. For our approximation
result on compact subsets upstream of the layer we therefore need the following result:

Proposition B.11. Letc, ¢ > 0 be fized. Let N > 3 and let T = {I;}Y_, be a mesh such that the length of
the rightmost element I satisfies hy > cpe and such that there is a meshpoint xp; with —1 < xpr < 1—¢.
Then there are constants C, o > 0 depending only on the coefficients of (1.1) and ¢, é > 0 such that the
splitting ue = Ureg + upr of Lemma 2.4 satisfies the following:

1. Ureg can be approzimated by piecewise polynomials of degree p such that the assertions of Lemma 2.4
about Nyeq hold true verbatim.
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2. Denoting by upy,p the piecewise linear functionupy, p given by the conditions upr(£1) = upr p(£1),
uprp(Tn_1) =0, we have for npr, == upr — UBL,p

||77§3£)L||L2(71,m1\7,1) < Cel/*lemop, 1=0,1,
IOty € Celem? 1=0,1,

I ey vy € C{e'+h3'},  1=0,1,
Infilreey o < C{e2 ey, =0,
||77§51’)L|L°°(—1,IM) < Ce™ 7P, 1=0,1.

Proof. The assertions about 7py, follow by estimating up; and upy, , separately. Note that both upr
and upp,, are exponentially small (in 1/¢) on (—1,za) C (=1,1—¢&).
O

Proof of Theorem B.1: By possibly making £ slightly larger, we may assume that £ is a mesh point
& =1—oP for some fixed p;. We may restrict ourselves to the case p > p.

Let us first consider the pre-asymptotic case, i.e., p < pg. Choosing A sufficiently small, we obtain from
Propositions B.5, B.7, and Lemmata B.8— B.10 that there is C' > 0 such that for any admissible splitting
in the sense of Definition 3.3

llelllsp < ClEL() + Egw(n) + Espw(n)]- (B.12)
Let us now see that we may choose the admissible splitting such that
Eu(n) + Ecw(n) + Espw(n) < Ce™” (B.13)

some C, o0 > 0 independent of e, p. To that end, let the admissible splitting u, = Uregp + UBL,p
be given by Proposition B.11. Estimating w < 1, p; + ¢ > Ch;/p for some C > 0 (which follows
from (3.5)), and e/h; < C (which follows from the assumption p < pg), we get by Proposition B.11
Ew(Nreg) + EsDw(Mreg) + Ecw(Mreg) < CeP for some o > 0. Let us now obtain corresponding estimates
for npr. As noted in Remark B.3 we have

w|ry < e PP (B.14)
for some ¢ > 0 (¢ depends only on ¢ of (3.5) and J). Using this bound, estimating w <1 on 2\ Iy, and
recalling that p; < doh; we get Ey,(nr) + Esp.w(MBL) + Eg.w(npr) < Ce™7P for some suitable o > 0 by
Proposition B.11. Hence |le|||lsp , < Ce™"P. As w =1 on the p1 + 1 elements that comprise (—1,§), this
implies with Lemma 3.9

lello=(-1,6) < CP*2(p1 + Dlllel s, < Ce™P.
after suitably adjusting o. Together with the triangle inequality, we finally obtain

lue —uspllLe(-1,6) < Ce™

In the asymptotic case, i.e., p > pp, we obtain directly from Corollary A.5 (noting that the number of
elements can be bounded by p + 2)

lue —uspllpe(—1,6) < Ce™ P

for some o > 0. This gives the desired estimate for £ = 0. For k = 1, we proceed in the standard fashion:
The splitting u, = treg,p + uprL,p of Proposition B.11 satisfies on (—1,¢)

l[ue = upllpr(—1,6) < Ce™"
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for some C, o > 0. Hence, using the fact that the mesh restricted to (—1,¢) is fixed the inverse estimates
of Lemma 3.4 yield

Hue - USDHHI(A,g) < Hue - UpHHl(—l,g) + CP2||Ua - USD||L<><>(71,§)

and the result follows.
O

Remark B.12. The proof of Theorem B.1 relies on Lemma 3.9 which exploits heavily the fact that we
restrict our attention to 1-d. This was done for notational convenience only. Choosing the weight function
w so that w'w # 0 on (—1,&) would allow us to estimate ||u. — usp||r2(—1,¢) directly from ||le[/gp ,, and
hence there is no need to appeal to Lemma 3.9. For example, one could choose the weight function w as
w(zx) = fg 1(t) dt where the function ¢ is given by (B.7) for > & and by —¢; for z € I; with x < &.

Remark B.13. We note that in the proof of Theorem B.1 we only made use of the fact that w < 1 on
the whole element and that w is exponentially small (in p) on the last element. Exploiting the decay
properties of w on the elements between £ and 1 would allow us to let the polynomial degree go down
linearly from p to 1 on the O(p) elements between ¢ and Iy and the assertions (B.13) still hold true.

Theorem B.1 concentrates on a compact subset (—1,&). However, the techniques developed for the proof
of Theorem B.1 also yield estimates on variable sets (—1,¢,) where §, — 1 as p — co. Prototypical may
be the following

Corollary B.14. Let the mesh T satisfy the assumptions as in Theorem B.1. Fiz « € (0,1). For each
p € N choose j € N as the integer part of ap and set &, := 1 —¢’. Then for ¢ sufficiently small, there
are C, o > 0 independent of €, p such that

lue —uspllpee(=1,¢,) < Cexp(—op)

Proof. For p > po the statement follows from the proof of Theorem B.1. Let us consider the pre-
asymptotic range p < pg. We choose the weight function w as in (B.8) with & replaced with &, and
check that the estimates of (B.14) hold true with the constants C, ¢ depending additionally on a. Hence
we obtain with the same arguments as in the proof (B.13) that E, (1), Eg.w(n), Esp.w(n) can now be
bounded by Cexp(—op). We may then conclude the proof by repeating the arguments of the proof of
Theorem B.1.

O
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